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I'padpom Illunna HazbIBaeTCS OUCTAHLMOHHO-PETYJSIPHBIA Tpad aumamerpa 3 O BTOPBEIM COOCTBEHHBIM
3HaYeHueM 0, paBHbIM a3. [ rpada [lnsia I' yucno a = a; nenur k v nonaraotr b = b(I') = k/a. Panee
OBLIM HaiimeHbl Tpu OecKoHeuHble cepuM rpacdoB lluuia ¢ AOMYCTUMBIMUA MacCUBaMU NepeceYyeHMIA:
bb* —1),b°(b - 1),b51,1,(6> = 1)(b - 1)} (M.H. Benoycos), {b2(b —1)/2,(b — 1)(b*> — b + 2)/2,b(b — 1)/4;

1,b(b — 1)/4,b(b — 1)*/2} (Kynen, TTax), u (s + 1)(s° —1),s*,s°: 1, 5% s(s° — 1)} (V.H. Benoycos). B pa6ote
JI0Ka3aHo, YTO B IEPBOM CEpUU CYIIECTBYET €AMHCTBEHHBII I'pacd — 00001IEeHHBII I1eCTUYTOIbHUK MOPSIA -

Ka 2, a BO BTOPOIi U TpeTheil cepusix rpadoB HET.

Karouesoie crosa: nucTaHIIMOHHO-PETYJISIpHBIN rpad, rpad Iunna, TpoitHbIe YKcia repecedeHui
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Mpb1 paccMaTprBaeM HEOPUEHTUMPOBAHHbIE TIpa-
bl O6e3 neTesb M KpaTHbIX pedep. Eciu a, b — Bepiiu-
Hbl Tpada I', To uepes d(a, b) 0603HaUYaETCS pPacCTOSI-
HUE MeXIy a u b, a uepes I';(a) — nmoarpad rpada I,
WHIyLUUPOBAHHBI MHOXECTBOM BEPIIMH, KOTOPHIE
HaxoasTcs Ha pacctosiHuMU i B I oT BepiuHbI a. [lon-

rpad I';(a) Ha3bIBaeTCS OKPECTHOCTBIO BEPILUVHBI @ U
obo3HavaeTcs yepes [a]. JAucTaHIIMOHHO-PEeTyISIPHBIC

rpadbl ¢ MACCUBOM IlepecedyeHui {b,,...,b,;_i;¢;,...,C4}
omnpenesieHsl B [1]. Ilycte k = by, a, = k — b, — ¢;.

JI1s1 IMCTaHLIMOHHO-PETY/ISIpHOTO rpada auamMeT-
pa 3 BTOpoe COOCTBEHHOE 3HaueHUe O, HE MeHbIe

max{a,, (q; + 4k + al2 )/2}, pu4yeM B ciaydae 0, = a;
no [2] umeeM B, = (q, + 4k + a?)/2. Tpadom In-

JIa Ha3bIBaeTCsl AUCTAHLIMOHHO-PETYIISIPHBINA Tpad
auamMeTpa 3 co BTOPBIM COOCTBEHHBIM 3HAYEHUEM O, ,
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paBHBIM a;. s rpada unna I' yucno a = a; neaur
k v nonaratotr b = b(I") = k/a.

Ilycte I sasnsiercst rpacdom Ilumma. Torma
a=a-b, I' umeer maccuB mnepeceyeHuii {ab,
(a+1)(b—-1),b,); 1,c,,a(b — 1)} n coGCTBEHHbIE 3HaYE-
HUst 0,, 0, SBJISIIOLIMECS] KOPHSIMU YPaBHEHUST X —
—(ay+a—-b—ab)x+(b-1)b,—a,=0.Eciu 6,,0, —
LieJIble yucia, To (a, +a—b — ab)’ —4((b - Db, —a,)
SIBJISIETCSL KBaJpaTOM HaTypaJIbHOTO YUC/a, B MPO-
TUBHOM CJlydyae KpaTHOCTH 0, U 6; cOBIIagaoT.

M3BectHbie rpadbl Llnnna — 370 HeYeTHBIN Tpad
0(4) ¢ maccuBoM mnepeceueHuii {4,3,3;1,1,2}, rpad
XammuHra H(3,3) ¢ MaccuBoM nepecedyeHuii {6,4,2;
1, 2, 3}, 00OOILIEHHBIN 1IeCTUYroJbHUK GH(2,2) ¢
MaccuBOM TiepecedyeHuit {6,4,4;1,1,3}, rpad TepBui-
Jurepa ¢ maccuBoM TiepeceueHuit {10,6,4;1,2,5},
rpad Hopo ¢ maccuBoM nepeceuenmii {12,10,3;1, 3,8},
VHUTapHBIe Tpadbl HAa MHOXKECTBE HEU3OTPOITHBIX
BEKTOPOB C MaccuBaMU TiepeceyeHuii {g(q + 1), (g +

+2)(g—1), g+ 211, q2 —1}, g — cTeneHb NPOCTOro
yucia, wim rpad JdxoHcoHa J(9,3) ¢ MacCUBOM Iie-
peceuenuii {18,10,4;1,4,9}.

ITycts I' saBasiercs rpadpom Lunna c b, = ¢,. Ecnu
coOCcTBeHHBIE 3Ha4YeHud rpada 0,, 6; rpada I nmeror
OIMHAKOBEIE KPAaTHOCTH, TO I" UMeeT MacCUB Iiepece-

aennii {b2(b — 1)/2,(b — 1)(b> — b + 2)/2, b(b — 1)/4; 1,
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b(b—1)/4, b(b— 1)?/2}, b cpaBaumo ¢ 0 wun 1 1o mo-
oymo 4 [2].

I'padsr Hlunna ¢ b, = ¢, u3yyanuch Takxke B [3, 4].
s aByIapaMeTpruuecKoro ceMeiicTBa MaCCUBOB TIe-
peceyeHuit {2r2(2r +1)Q2Ir - +1)),2r— 1)(2r2(2lr —
—(+ D)+ rQlr =+ D) +1), FPI1Qr = 1):1, AQ2r—1),

rQlr — (I + 1))(4r2 —1)} cymecTByeT qUllb KOHEYHOE
ancno rpados ((/,r) € {(1,2),(2,1),(4,1),(6,)}) (cm.
[4, Teopema 2]).

B pa6orte [5] HaiineHHbI clienyrolme 0eCKOHEUHbIE
CepuHU IOIyCTUMBIX MaCCUBOB TepeceueHuid rpadoB
Mwunna:

(1) {Qc, = 1)ey(2e5 = 1),2¢3(Q2¢, = )e, = 1),2¢3; 1,
¢2, (205 — (2, — 1)e; — 1}

(2) (b(b* =1),b°(b = 1),b%1,1,(b° = 1)(b = 1)};

B)bB+1D),b+2)(b-1),b+ 2;1,1,b2 -1}

@) 26(b-1),2b-1)(b-1),2b-1;1,1,2(b — 1)2};

G) (s +1)(s” =1),5%, 571,57, 5(5° =)}, 5> 2.

Ilpenmaraerca mporpamMma u3ydeHUsT rpadoB
[IInta ¢ MaccuBaMu TiepecedeHuid U3 ITUX CEPUiA.

3ameTuM, uTo B cepun {2b(b — 1), 2b— 1)(b— 1),
2b-1;1,1,2(b — 1)2} UMeeTCsl TOJbKO 3 MOMyCTUMBIX
maccuBa nepeceuenuit {4,3,3;1,1,2}, {12,10,5;1,1,8} u
{84,78,13;1,1,72}.

Teopewma 1. Ilycmo I s615emcs ducmanyuorHo-
DecyAApHbIM — epagom ¢ MAcCCU8oM  nepeceveHull
b(b*> =1),b*(b—=1),b%1,1,(b> =1)(b—1)}. Toeda be {2,3}.

CnencrtBue 1. Ilycmo 1" aersemcs ducmanyu-
OHHO-DE2YAAPHbIM epAPoOM € MACCUBOM nepecedeHull
bb* =1),6*(b —1),b%1,1,(6> =1)(b =1)}. Toeda b =2
u I' — obobwennbiii wecmuyeonvrhuxk nopsaoka (2,2) c
Maccusom nepeceyeruii {6,4,4;1,1,3}.

Teopewma 2. Jucmanyuonno-peeyasapuutii epagh ¢
maccueom nepeceveHuil {bz(b -1/2, (b — 1)(* —
—b+2)/2, b(b-1)/4;1,b(b—1)/4,b(b — 1)2/2} He cy-
wecmeyem.

I'pap IlIunnma I ¢ MaccuBOM mepecedyeHUit
{(s + 1)(s3 - 1),s4,s3;1,s2,s(s3 —1)} saBasgerca Q-mo-
JIMHOMUAJIbHBIM.

Teopewma 3. JJucmanyuonno-peeyrsapuutii epagh ¢

maccueom nepeceueruii {(s +1)(s3 —l),s4,s3; 1, s,

3
s(s” — 1)} ne cywsecmeyem.

JokaszaTenabcTBO CAeACTBUSL | U TeOpeMBbl 2 onu-
paeTcsl Ha BBIYMCJIEHUE TPOMHBIX UMCEJ Mepecede-
HuUii [6].

Ilycte I' — mUCTAaHIIMOHHO-PETYJSIPHBIN Tpad
nuamerpa d. Ecim u,, u,, u; — BepunHbl rpada I,
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K, 1,3 — HEOTPULATCIbHBIC LICJIbIC YNCJia, HC 0oJb-

UjlyUs
mue d. Yepes 0003HaYMM MHOXECTBO BEp-
UL

s
wyH w € I takux, uyro d(w, ;) = r;, a uepes —
nnh

Uyl Uyl
YMCJIO BEPILIUH B .Yucna Ha3bIBAIOT-
nnh nnhh

csl TPOMHBIMU YUCIaMU TiepecedeHuit. s pukcu-
" N UjlyUs
POBAHHOI TPOMKW BEPLUWH U, Uy, U; BMECTO
nnr
Oynem nucarts [rr5]. K coxanenuro, 11 ayucedn [/nr]
HeT 001X GopMyia. OgHAKO B [6] IIpesIoXeH METO,
BbIYMCJIEHUS HEKOTOPBIX YUCEII [#775].
Ilycts u,v,w — BepmuHbl rpada I', W = d(u,v),
U =d(v,w),V = d(u,w). Tak Kak uMeeTCsI TOUHO O/I-
Ha BeplllMHA X = u Takas, 4To d(x,u) = 0, TO 4YMuCIo
[0,/4] paBHO 0 unu 1. Otciona [0,j/4] = &5, . Anaio-
TUMHO, [i0h] = 8,8,y 1 [ij0] = 8,48,
Hpyroe MHOXECTBO YpPaBHEHMUII MOXHO MOJIY-
YUTb, (PUKCUPYSI PACCTOSIHUE MEXIY ABYMS BepIlv-
HaMmu U3 {u, v, w} U COCUMTAB YMCJIO BEPILIMH, HAXOAs51-

IIMXCSI Ha BCEX BO3MOKHBIX PACCTOSIHUSX OT Tpe-
Tbhell:

d d
> ikl = py, —10jh) > lilh] = p;, —[i0h],
=1 =1

d
D liil = py —[01($).
/=1

ITpu sToM HekoTopble Tpoliku ucuesaioT. Ilpu

|i—j| >W wnum i + j < W umeeM p;.V =0, mosTomMy
[ijA] = 0 mnsa Becex h e {0,...,d}.

< uvw
[Monoxum S, (u,v,w) = z 0,.0,0, rst | Ecun

r,s,t=0
. h
napameTp Kpeiina g; = 0, 10 Sy, (1, v,w) = 0.
3acdukcupyeM BEPIIMHBI i, V, W IUCTAaHIIMOHHO-
perynasspHoro rpada I guamerpa 3 M IOJIOXKUM

. uvw B uvw . uwyv .
{Uh}z{ijh}’ [Uh]={l.jh } [ijh] :{ihj} [ih]*

vuw _ | wvu

=| u [ijh] = . |. B canyuasax d(u,v)
[ﬂh} [hﬂ}

=du,w)=d(v,w) =2umi d(u,v)=du,w)=d(v,w) =

w

uwv
BBIUWCJIEHUE TIapamMeTpoB [ijh] ={ .hl, [ijh)1* =
nj

vuw - wvu
=| . | ulijhl = .. | (cummeTpu3alMsi MaccuBa
Jih hji

TPOMHBIX YMCEJ IepecedeHUii) MOXET aTh HOBBIE
COOTHOILIEHUSI, TIO3BOJISIIONINE A0KAa3aTh HeCylle-
cTBOBaHMe rpada.
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ITycte T" gaBasieTcsd AUMCTAaHLIMOHHO-PETYISPHBIM
rpa@oM ¢ MaccuBOM IepecedeHuit {b(b> — 1),
b (b —1),6%1,1,(6> —1)(b—1)}. Torna a, =b" —b—1
W OKPECTHOCTH JITOOO¥ BepIIWHEI B I sABIISIETCS 00B-

eaquHeHueM b + 1 U301MpPOBaAHHBIX (b2 — b)-KJIMK.

IlycTh a, 7 — BeplIMHBI, HAXOASIIUECS Ha pacCTO-

aHun 3 BI. Ecnu [z] N T,y (a) conepxur (b + 2)-KIUKY
K, To nBe moaxonsiiue BepIIUHbI U3 K CMEXHbI C
BEPLIMHAMM HEKOTOPO# KJIMKHU U3 [a] N 1,(z). IIpo-

TUBOPECYMUEC C TEM, YTO TOrga r COOCPXKUT YCTBIPEX-
YTOJIbBHUK.

3HauyuT, NOPSIAOK JII060I Kimku u3 [z] N T, (a) He
Gosbiue b+ 11 (b° —1)(b —1)/(b +1) < b+ 1. Orcrona
b - 1)2 <b+1ub < 3. Teopema 1 nokasaHa.

Ilycts b =3 u I’ — nucCTaHIIMOHHO-PETYJISIPHBIN
rpad ¢ maccmBoM TiepeceueHMit {24,18,9;1,1,16}. To-
rna I’ mmeer 1424 +432+ 243 =700 BepllIuH,

cniexrTp: 24!, 8175, —1224, -4 y NyaJlbHYIO MaTpuILy
COOCTBEHHBIX 3HAYCHMIA
1 175 224 300
p 17528 5
3 3
0=, , _28 25
3 3
| _175 448 _100
27 27 9

Jlemma 1. Yucaa nepeceuenuii epagpa I" paerut
1) piy =5, pu =18, pyy =162, pyy = 252, py; = 81;
D) ph =1, piy =14, piy =9, pay = 264, py; =153,
P323 =81,
3 3 3 3 3 _
3) pi» =16, pi3 =8, pyy =272, py; = 144, py3; =90.
HokazaTenbcTBo. [IpsgMbie BblYMCIeHUSI.

uvw
Ilycthb u, v, w — BepuumHsbl rpaca I, [rst] = { ; },
rs

A=T,u) u A=A,. Torma A — perynspHsiii rpad
crereHu 264 Ha 432 BeplurHax.

JJemma 2. Illycmo d(u,v)=du,w)=2,d(v,w) = 1.
Toeda evbinoanaomes pageHcmea:

11 =-r+1, [112]=[121]=r,
[122] = —r, — 15 + 14, [123]=[132] = 1,
[133] = —r, + 9;

211 =r —r—r +148,
[212] =[221] = —r5 + 15 + 1, — 135,
[222] =r + 15— 1 + 237,
[223] =[232]=—r, —, +162, [233]=r+1K —-9;

NOKJIAIbl POCCUMCKOMN AKAJIEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTIPOLIECCHI YITPABJEHUS

[B11]=r +r — 144,
[312] =[321]=—r, —r, +153, [322]=~r,
[323] =[332] =1, [333]=-r +81,
ede rnef{0l,..9, re{0l}, re{0l..,81 u
r, € {63,64,...,149}.
JJoka3aTeabcCTBo. YupouleHus1 GopmyJ (+).

HNmeem p223 =153, nostomy [223] = —ry, — g +
+162<153 u 9<r+r. Ilo nemme 2 umeem
88 <222 =r +r—r +237 <184. Tak KaK
{v,w} U A(v) U A(w) comepxut 530 —[222] BeplIuH,
TO 98 <[222] £ 184.

JJemma 3. Ilycmo d(u,v)=du,w)=2, d(v,w) = 3.
Toeoa aubo r,s = 0 u 6binOAHAIOMCA pABEHCMEA:

) [112]=[1211=0, [113]=[311=1, [122] =
=—r, +14,[123] = [132] = 1, [133] = —rp, + 8;

2)212] = 1y + 7,1213] = —rs + 7,[221] = —rp; + 14,
[222] = =y — 1 + 257, [223]=ry + 1 + 17, — 7,
[231] = 7, [232] = 14, [233] = —1py — 17 +152;

3 [312] = —r +9,[313]=ry, [321] = 17 +2,[322] =
=ty +hythe, [323|=-ry —ny—ng—n; + 151,
[B31]|=-r, + 7, [332]=-r,—r, + 144,
[333] = 1y + 1yq + 13, = 70,

r,€{0,1,...,8}, n,€{55,56,...,151}, r, € {0,1, ..., 7},
re € {0,1,...,7},

Aub0 rys = 1 u vinoanAOmMea pageHcmaa

4) N12]=M121]=1, [113]=131]1=0, [122] =
=—r, +13,[123] =[132] = 1,5, [133] = =1, + 9;

5)212] = 1 +6,[213] = —r + 8,[221] = —ry, + 14,
[222] = —ry — 1 + 258, [223] =1y + 1 + 17 — 8,
[231] = 7, [232] = 1y, [233] = —1yy — 1y +152;

6) [B12]=-rc+9, [3131=r¢, [321]=r,; +1,
B2l =ry +ry+re, [3231=-ry—ry—ng—rn; +
+152, [331]=-r,+8, [332]=-r, —n, +144,
[333] =1y + g + 157 =71,

r,€{0,1,...,9}, n,e{54,55,...,151}, , € {0,1, ..., 8},
re € {0,1,...,8}.

JoxazaTenbcTBo. YaupoiuleHus ¢opmyna (+)
JAalOT paBeHCTBA

[112] = rs, [113]=—rs+1, [121] = r5, [122] =
=—r,—hy T 14, [123]=r,, [131]=-n;+1,
[132] =1y + 1y — B, [133] = =1y + 15 + 8;

[212] = —rs + g + 7, [213] = s — 1 + 7, [221] =
=—r, +14,[222] = =1y + Bs — 1y, [223] = ryy — 15 +
+re + 17— 71,1231 = 17,[232] = 14,233l =1y — 17 +
+152;

[B12] == +9, [313]=ry, [321]=—r3 + 15 + 2,
[322] = r22 + r23 + r24 - rzs + }"26, [323] = —7'22 - }"24 +
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=—ry—hy—hyths t 144, [333]=n,+rns—hHs+r; —
—70,

THOE Iy, 1y, €1{0,1,...,14}, r3€{0,1,...,7}, n,€{0,1, ...,
152}, s € {0,1}, 16 € {0,1,...,9}.

Cummerpusaiius. BepHbl paBeHcTBa [112] = 15 =
=[121] = r)s, [122] = =1, — 13 + 14, MO3TOMY
P+l =ry = Iy,

Hanee, [212]=—rs+ e+ 7 =[221] = -1, + 14,
TIO3TOMY —Fys + By + Fy; =7, [233] = —ry — 1y + 152
Uy + B =1y + By

Iyctbrs =0.Tormary; =0,m, + 13 =1y = P U
he + Fy; = 7.0T1CI08a 13 = 0 ¥ BBITIOTHAIOTCS PaBEeH-
crBa (1-3).

Iyctb rps =1. Torna ry; =1, ry + By =y +1 =
=ry+ 1unr+ r, =8. Orcona r,; =1 1 BBITIONHS-
I0TCsI paBeHCTBa (4—6). JleMMa JoKa3aHa.

ITo nemme 3 mmeeM 99 < [222] = —ryy + ry5 —
— ry + 257 £ 204.

Jdemwma 4. Ilycmo d(u,v) = d(u,w) = d(v,w) = 2.
Toeoa aubo 1, =1 u 661N0AHAIOMCS PABEHCMEBA:

1) [111]=0, [112]=[121]=1, [113]=[131]=0,
[122] =13 = £,, [123] =[132] = 14, [133] = 9 — 1y

2)[2111=1,[212] =[221] =13 — 14, [213] = [231] =
=ru [222] = K4 — 15 +250,[223] = [232] = 55, [233] =
= —H4 —1is +153;

3) [311]=0, [312] =[321] = 14, [313] = [331] =
=-ns+9, [322] = 55, [323] =[332] = —r, — K5 +153,
[333] = 2r4 + 1is — 81,

Au6o ry = 1 u epinoAHAIOMCS pageHcmea:

4) (111 =[12]=[121]=0, [113]=[131]=1,
[122] =14 — 14, [123] = [132] = K4, [133] = 8 — K4;

S)[211]=0, [212] =[221] =14 — K4, [213] =[231] =
=ry,  [222]=rn4 —1s+249,  [223] =[232] = 15,
[233] = =4 — 15 +153;

6) [311] =1, [312] =[321] = A4, [313] = [331] =
=—n, +8, [322] = K5, [323] =[332] = =K, — K5 + 153,
[333] = 24 + 15 — 80,

AUbo K = ryy = 0 u 8bINOAHAIOMCS PAGEHCMEBA:

7y [111]=1, [112]=[121]=[113]=[131]=0,
[122] =14 — 14, [123] =[132] = K4, [133] = 9 — A4;

8)[211]1=0,[212] =[221] =14 — 14, [213] =[231] =
=r, [222] = K4 — K5 +249,[223] =[232] = K5, [233] =
= 4 — K5 =153;

9[311]1=0,[312]=[321]=#,,[313] = [331]=—r, +9,
[322]1 = K5, [323]1=1[332]=—-r, — 15 +153, [333] =
= 24 + 15 — 81,

ede r, € {0,1,...,9}, 15 € {63,64,...,153}.
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JdoxazaTenbcTBo. YupouleHusa ¢opmya (+)
JIal0T paBeHCTBA

[L11] = =r4 — fis—He +hg—ro+h +1, [112] = 1y,
(1131 =ry + s — fig + 1o — Bys (1211 = Ry, [122] =15,
[123] = —r; — Ky + 14,

(1311 =r4 +hs+rg—rig—ho+trg—r, [132] =
=g —ry + 14, [133] = —ry —ris T rp t gt rg —
—ry+r =5

211]=r4+hs+re—hs— 1y, [212] = =Ry — 1 + 14,
[213] = =ris + rig + 151, [221] = =1y — Kis — hig + 15 T 14,
[222] = Ky + hg — 15 + 249, [223] =15,  [231] = Ay,
[232] = p, [233] = =15 — 1, +153;

[311] = 130, [312] = 1, [313] = =riy — 1y + 9, [321] =
=yt hs+he—lg—h, [322] = =Ry —re—hi; + 1y 114,
[323] = —ris + K7 + 19 T 139, [331] = —ry —rs—re t+
thy—rytrn t 9, 332]=re+rn,—n T 139,
[333] = Ky + Kis — fi7 = hig + 1y — 67,

TOE Fg4, by € {0,1,...,9}, rs€ {0,1,...,167}, ri, Fi
Ko € {0,1,...,14}, Kig, i, € {0,1,...,153}.

Cummetpusatst. BepHsl paBeHcTsa [112] = rig = K5,
[121] = rig = Ay, e = Ry, [122] = ri7 = 17, [223] =15 =
=15, [232]=n=n;, Blll=nr, =r, [231]=rx;s,
[312] = Ky v Ay = Aj.

Tak kak [112] =4 = 1k, TO Ky = 1, TO3TOMY
(21]*=rg =[211] = K4 + s + g — g =y U T rs+
+re = hg+ho+ . AHaormuHo, [121] = Ay = Ay
BICYET Ky = Ky, moatomy [112] = r = [211] =
=lh4+hs+he—hs—rh U hg=Fh. Otciona
lie = Tig = Ko = lig U Hig = I = Ry = Ty

Hanee, [122] = 1, = K, BIEYET K5 = K;, MOITOMY
[212] = —ky — K +14 = [221]' = —F|y— Fis—Fig+ 75 T
+14 wu #Ks=r,. Temepp U3  paBeHCTBA
Hig + Fis T FHg = Flig + fig T 1 CHCOYET, YTO Fy = Kg-
AHaJOTMYHO, [223] = K5 = K% BICYET K5 = K5, CIIENO-
BaTebHO, [232] = 1, =[322]=—Hy —He — K7+ 1 T
+14un, +ne+5,=14.

OrTcrona cjienyoT paBeHCTBa

[111)=—r¢ — o +1, [112]=[121] =54, [113] =
=[31] = o, [22]=4,, [123]=[132] = Ay,
[133] =9 — ny — s

211 = re, [212] =[221] = 17, [213]1=[231] = A4,
[222] =—r;, —hs  + 263, [223] = [232]=14;s,
[233] = —ry — ris T 1535

[311] = ry, [312]=[321]=#,, [313] = [331] =
=ty — 1y +9,[322] = K5, [323] = [332] = =y — K5 +
+ 153, [333] = 24 + K5 + 1y — 81,
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Toe Fg+h <1,
Ks+r; <167.
JonyctuM, uto iy = 1. Torna r, =0, 1, + 7, =13

U BBITMIOJIHSIIOTCSI paBeHCTBa U3 IMyHKTOB (1)—(3) 3a-
KIIIOUEHUS IEMMBEI 4.

lia+hy <9, nRy+ns <153,

HomyctuMm, 4to rpy = 1. Torma rig = 0, 1y, + 17, =14
U BBIMOJIHSIIOTCS paBEHCTBA U3 MTyHKTOB (4)—(6) 3a-
KIJIIOUEHUS IEMMBEI 4.

HormyctuMm, 4to 1y, = 1, = 0. Torna iy, + 1, =14 1
BBIMOJHSIIOTCS paBeHCTBA U3 ITYHKTOB (7)—(9) 3a-
KiouyeHus deMMHI 4. Jlemma 4 moka3aHa.

ITo nemme 4 umeem 96 < [222] =< 190.

Ilyctb d(u,v) = 2. [loncuntaemM 4YnuciIo g map Bep-

uv
IIIMH y, Z Ha paccTostHuM 2 B Tpade I', e y € {21} u

uv
e {22}' C 0aHOIi CTOPOHBL, py; = 14, 10 JeMMe 2

1 B -b+1b %(b2—b+2)(b—1)b
| B —psl (O =b+2(b b =0 +b)

nmeeM [212] = —n+r+r—-135<95 (e {0,1},
r,€{0,1,...,81},r € {63,64,...,149}))u g < 1330. C npy-
TOii CTOPOHBI, p222 = 264, o nemme 4 umeeM [212] =
14-r, wm g=369— Z:rli4 <1330. Iloaromy

2366 < Zrl’;‘ u 10.1< Zrl';/264. ITpotuBopeuue c

TeM, 9TO #i, < 9.

l'[onyquHoe IIPOTUBOPECYUEC 3aBCPLIACT JOKa3a-
TEJIBbCTBO CIEACTBUS 1.

ITyctb I” — nucTaHLIMOHHO-PETYJISIPHBIH I'pad ¢ Mac-
cuBoM Tepecedenmii {bX(b—1)/2,(b—1)(b> —b+2)/2,

b(b—1)/4;1,b(b—1)/4,b(b — 1)2 /2}.  Torma  4wmcno
BEPILIMH PaBHO (b2 -b+ 1)(b2 +1), I' wumeer
CIIeKTp b -b>/2', (b — b)/20

2
bz VB - b+ b)/ RHDGDO y vanbHY IO MaTpH-
11y O cOOCTBEeHHBIX 3HAYCHUIA

%(b2 —b+2)(b-1)b

(B =b+ 2B +Vb = b +b)

2b

1 b +b-1

JJemma 5. lns uucen nepeceuenuii epagha I eeprui
paeeHcmea
P =(B=3)b/2, py = (" —b+2)(b-1)/2,
=0 —b+2)(b=1)/2, pyy = (b° —b+2)(b 1),
Py =" —b+2)/2;

P = (b—Db/4, piy = (b—1)’b/2, p}y = (b—1)b/4,
Py, =b* =30+ 56" —4b -1, py, = (b> —2b +3)b/2,
pis = (b—1)b/4;

P = (b—=1’b/2, py = (b—1)b/2,

Py = (b° = 2b+3)(b— )b, py; = (b—1)’b/2,

3
p33 = b - 1.
Z[ oKa3aTeldbCTBO. HpSIMLIC BBIYUCJIICHUSM.

3acdukcupyeM BepIIMHEI u, v, w Tpada I" u mojo-

. uvw| uvw
XuM {ijh} = { iih } lijhl = { iih }

JdJemma 6. Ilycmo d(u,v)=d(u,w)=2, d(v,w) = 1.
Toeoa mpoiinbie uucia nepeceveHuii pasHbt:

NOKJIAIbI POCCUMCKOMN AKAJIEMUUN HAYK. MATEMATUKA, UH®OPMATHUKA, TTIPOLIECCHI YITPABJIEHUS

1 0 —%\/bS—b2+b—2
%(b+\/b3 — B +b)(b-1)

2b

%\/b3 —b2+b—%
%(b—\/lf — B +b)(b-1)

[111]=5*=76’/2+13b°)2—6b—r, — 1, — 1y, [121] =
=[211] = —=b* +7b°/2 =256 /4 +23b/4 + 1, + 1, + 1y,
[122]1 = b* =76’ )2+136°/2 =Tb— 1, — 1, — 1, + 1,
[123]1=[132]=b/2 - 5b° /4 + Tb/4 + 1, — 1, — 1, [133] =
=—b /2436 /2=2b—r +1, +1;

R11]==b*+7b°/2 - 66> +9b/2 + 1, + 1, [212] =
=[221] = b* =3b" +5b" —4b—r, — 1, — 1, [222] = 13,
[223]1=[232] =1r, [233] = 6" /2 — B> +3b/2 — 1;;

Bl =r, [312]=[321] = b°/4 - b/4 — 1, [322] =
=b/2-3b"/242b+r +n, [323] = [332] = b¥/4 —
—b/4 -1, [333] = 1.

Joka3zaTeabcCTBo. YupoluleHUs Gopmy (+).

Mo nemMme 6 wmmeem [233] = b/2 — b* +
+3b/2 —r, > 0, no3ToMy [222] =, <b’/2—b" +3b/2.

IMonoxum A =T',(u), A = A,. Torna A — peryssip-
HBII Tpad CTemeHU p;, = b* =30 + 50" —4b—1 Ha
ky=(b>—b+2)(b>—b)=b" -2 +3b"—2b  Bep-
mwHax. I[ycts d(u,v) = d(u,w) = 2, d(v,w) = 1. Torna
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A(v) N A(w) comnepuT He MeHee b* — 4b° +7b> —6b — 1
BepwuH. [lostomy b* — 4b3 + 70> — 6b —
—1<b/2-b"+3b/2ub*+8b> <9b° /2 +15b/2 + 1.
Orciona b < 4.

Ho B ciayuyae b = 3 wumeeMm b4+8b2=153,

96’ /2 +15b/2 +1=121.5+22.5 +1 = 145, npotuso-
peuyvie. AHaJOrM4HO, B ciay4dae b =4 wuMeeM

b +8b* =256 +128 = 384, 9b°/2+15b/2+1 =
=288 +30+1 =319, npotuBopeuue.
Teopema 2 nokaszaHa.

Ilycte I' ssBstercs rpadpom Hlmmna ¢ MaccuBOM me-
pecedeHuit {(s + 1)(s3 - 1),s4,s3;1, s2,s(s3 —1)}. MHo-
rowteH Tepsenurepa (cM. [7]) rpadpa I paBeH —s(s3 —
s ms—x — D —sx—s—x—-D(s+x+ D)+ 1),
ITO3TOMY COOCTBEHHBIE 3HAUEHMST JIOKATHHOTO TIOATpa-
da npunamiexar [—s — 1, —1]u [(s3 -s=1/(s+1),
s> —s? — s —1]. C 1pyroii CTOpOHBI, 110 IIPEIIOKEHUIO
4.4.3 n3 [1] cobcTBeHHBIE 3HAYEHUS JOKAJIhHOTO
noarpada MpUHALIEXAT OTpe3Ky [—s*/(s> — 1) — 1,

sSSP s+ —1].

IMonoxum A = (s3 —-s—-1/(s+1),B= s4/(s2 +s+
+1)—LTormaB—A=(s'(s+1)— (s  —s—D)(2+s+
1) — G+HDE+s+)DAGs+DE +s+1)) =

3 2
=—s/((s+1)(s"+s5+1)) <0, mosToMy B < A U Bce
HeTJIaBHbIe COOCTBEHHBIE 3HAYEHUS JIOKAJILHOTO MO~
rpaca oTpuuareabHbl. OTClOIa JOKAIbHBIN moarpad

SIBJIIETCSI OOBEOVHEHWEM W30JIMPOBaHHBIX (a; + 1)-

kK. [IpotuBopeuue ¢ tem, yto a; + 1 = s —s—1
HeE IeJuT k = (s + 1)(s3 -1).

Teopema 3 nokazaHa.

NCTOYHUKHN ®MTHAHCHUPOBAHHWA

HccnenoBaHus BhITIOJIHEHBI 3a cueT cpeactB PODU u
T'®EH Kwutas B pamkax HaydHoro mpoekra Ne 20-51-
53013.
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THREE INFINITE FAMILIES OF SHILLA GRAPHS DO NOT EXIST

Corresponding Member of the RAS A. A. Makhnev*, I. N. Belousov*,
M. P. Golubyatnikov?, and M. S. Nirova®

% N.N. Krasovskii Institute of Mathematics and Mechanics Ural Branch of the Russian Academy of Sciences,
Yekaterinburg, Russian Federation

b Berbekov Kabardino-Balkarskii State University, Nalchik, Russian Federation

Distance-regular graph of diameter 3 with the second eigenvalue 0, = aj is called Shilla graph. For the Shilla
graph I" the number a = a; devides k and we set b = b(I') = k/a. Early three infinite families of
Shilla graphs where founded: {b(b° — 1),b°(b —1),b%1,1,(b° — 1)(b — 1)} (I.N. Belousov), {6 —1)/2,
(b — (B> =b+2)/2, bb-1)/4; 1,b(b—1)/4,b(b —1)*/2} (Koolen, Park) and (s +1)(s° —1),s,s’;

1, s2, s(s3 — 1)} (I.N. Belousov). In this paper it is proved that in the first series there exist the unique graph —
generalized hexagon of order 2, in the second and in the third series there graphs no exist.

Keywords: distance-regular graph, Shilla graph, triple intersection numbers

NOKJIAJIbI POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, MPOLIECCHI YITPABJIEHMUSA
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