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CASIMIR ENERGY OF AN OPEN STRING WITH

ANGLE-DEPENDENT BOUNDARY CONDITION

A. Jahan, I. Brevik

PaccMoTpeHa OTKpbITasi CTpyHa C KOHUAMU, NEeXaLWMMN Ha ABYX Pa3Hbix TBEPAbIX CTEPXKHAX. Takas cucTema
SKBUBANIEHTHA ABYM CKaNsiPHbIM NOASIM C HabOPOM CBA3eli Ha KOHLaxX. DHeprus Hynesbix konebaHuii n sHeprus
Kasumupa Bbluncnens Tpemsi pasHbimu cnocobamu: (1) ¢ ncnonbsosanuem aseta-cbynkumu Nypeuua, (2) ¢
NCMOAb30BaHNEM METOAA WHTErPUPOBAHNS MO KOHTYPY Ha KOMMEKCHOW nnockoctu HactoT u (3) myTem no-
cTpoeruns dyHkuum [puta cuctemsl. B cnyyae MHTErpMpoBaHns No KOHTYPY TakKe MOJYYeHO BblpakeHue Ans
sHeprum Kasumunpa ans koHeuHoli TemnepaTypbl, a Takxe yfobHas aHaIMTMYecKas annpoKCUMaumna A BbICO-
kux TemnepaTyp. Okasanock, 4To sHeprus Kasumupa npu Hynesoii TemnepaType npeactaenser coboii cymmy
noTeHumanbHol sHeprum Jliollepa 1 craraeMoro, 3aBUCSILLEFO OT Yria Mexay cTepkHsiMu. [peanoxeHHas mo-
Jefb CPaBHWBAETCS C aHaJIOrMYHON MOLENbIO AN OTKPLITOW CTPYHBLI C 3apsiAaMu Ha KOHLAX, ABUXKYyLelics B

SNIEKTPOMATrHNTHHOM MNose.
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1. BBEAEHUE

Oueprusi Kazumupa siBiisiercst (PU3MIECKUM IPOsiB-
senneM sHeprum BakyyMma [1]. Ona mpescrasisier co-
60lf YNCTO KBAHTOBOE siBJIeHWE, OJiarofapsi KOTOPOMY,
HaIpHUMeED, JIBe apaJsijieJIbHbIE IPOBOJIAIINE TLIACTUHBI
IIPUTSATUBAIOTCA APYT K ApyTy. VlccieroBanuo sHepruu
BaKyyMa OTKPBLITOA U 3aMKHYTO! CTPYH B IIPOCTEHIINX
Cllydasx IOCBSIIEHbl MHOIHE paborsl. B paborax [2—4]
OblLyIa BIIEPBbIE BBIYUCJIEHA dHEprus KasnMupa OTKpbI-
TOW CTPYHBI, KOTOpasl Tellepb HOCUT HA3BAHUE ITOTEH-
nmaJia Jlromepa. s ero mosydeHust craTudeckast CUC-
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TéeMa KBapK—aHTHKBAPK C XPOMOJJIEKTPHIECKUM II0-
JIEM MEKJIy HUMU PACCMaTPHUBAJIACH KAK KOJIEBTIONAs-
cs1 cTpyHa. DHeprusi Kasumupa KycouHO-HEPEePBIBHOM
CcTpyHBI ObLIa PaccMOTpeHa B paborax [5-9]. Dueprus
BaKyyMa JIJI OTKPBITON CTPYHBI, TOMEINEHHONW MEXK Ly
nByMms GycmHamu, Gbuta mostydena B pabore [10]. Tlo-
TeHnmaJ Jlomepa BOCIPpOU3BOINTCS, KOTJA MacChl Oy-
CHH CTaHOBsITCsl GosibinumMu. B paore [11] 6blam BbI-
YUCJIEHBI KBAHTOBBIE TIONPABKK K MOoTeHImasry JIomme-
pa, IpUYeM 3TO UHTEPIPETUPYETCS KAK BO3MOXKHBIM
HeJIOKaJIbHBIN 9 derT B 6030HHOM cTpyHe. B paborax
[12,13] st Momen MeKKBApPKOBOTO MOTEHIHATA UC-
moJsib3oBaJsiach Mojseb HamOy —I'oTo oTKpBITO# CcTpy-
ubl. [Ipejmnosarajgoch, 9To Ha KOHIAX CTPYHBI UMEIOTCS
TOYEUHBbIE OYCHUHBI, UMEIOIIIE MACCy M. BBLIO MmoKa3a-
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HO, 9TO B mpenese m — 0, 00 BOCIPOU3BOAUTCS IOTEH-
nmaJt Jlromepa.

Hacrosimmasa pabora sBisieTcss  MPOIOI2KEHUEM
peabLIyIneit paboThl OTHOTO U3 aBTOPOB, B KOTOPOit
ObLTa TOJTyUeHa dHeprusi Kazumupa Kak Tpee/ibHbII
cyqait (mpu cTpeMsimeiicst K HyJIF0 TEMIIEPATYPE) CBO-
00/THOI SHEPTUN OTKPBITON CTPYHBI C YIETOM YTJIOBOiT
zapucumocru [14]. CBoGonHas sHEprus Mpu KOHEIHON
TeMIieparype OblIa IOJIydeHa C HCIOJIb30BaHUEM
WHTErpaja Mo TpaeKTopusM. B Hacrosineit padbore
JIJIST BBIYUCJIEHUs SHEpruu Kasmmupa ijisi OTKPBITOM
CTPYHBI C KOHIIAMH, JIEXKAIAMUA Ha JIBYX Pa3HBIX
TBEPJBIX CTEPXKHAX, MbI HCIOJIb3YEM TPH PA3HBIX
Merosa. llpenmosaraercs, 9TO MeEX/y CTEPKHIMHI
MMeeTCsi OTHOCUTEJILHBIN yToJ1 §, TI09TOMY I'DAHUYHBIE
YCJIOBUSI Ha KOHIAX CTPYHBI 3aBucAT oT . Brepsbie
nosydena ueprusi Kazumupa npu T’ = 0 ¢ ucrnosas3o-
BaHUeM j3era-QyHKIMU ['ypBUIlla, MpUYeM TOKA3aHO,
9TO 9TOT MeTOJ MOXKeT 3(h(EKTUBHO MPUMEHSITHCA B
CaMbIX Pa3HBbIX CiydasX. Kpome TOro, MCIOJIH30BAJICSH
MeTOJ[ MHTEIPUPOBAHUsI 10 KOHTYDPY Ha KOMILIEKCHOM
ILJIOCKOCTH, KOTOPBIl HE TOJBKO IO3BOJISIET IOJIYIUTh
YUCJIEHHYIO OIEHKY B CJIydae ODIUX TEMIIEPATYP, HO U
rpejyiaraeT yao0Hy0 aHAJUTAYECKYIO AlllIPOKCUMAIIIH
B CJlyuae BBICOKHMX TeMmIiepaTyp. Ha ocHOBaHMM 5TOr0
[IOJIy9eHa yIJIOBasl 3aBUCHUMOCTH GbyHKmum ['puHa u
BBIUmCIIeHa Heprusi Kazmmupa, KoTopas, KakK OKa3a-
JIOCD, TIPEJICTABIIAET COOOI CyMMY 3aBUCSIIETO OT yTJIa
ciaaraemoro u norerrnuasa Jlomepa. Ilomumo sToro,
HaliJIleHbl WHTEPECHBIE CXOICTBA U PABIUIUS MEXKIY
[IPEJJIOKEHHON MOJIETIBI0 U MOJEJIBIO OTKPBITOH CTPY-
HBI C 3apsiJlaMy Ha, KOHIAX, JBUXKYIIEHCsT BO BHEIITHEM
JIEKTPOMATHUTHOM TIOJI€. DTOT BOIIPOC OOCYKIAETCH
B 3aKJIFOUYEHUN.

2. KTACCUYECKAf{A ITNMHAMUKA

Paccmorpum cTpyHY, KOHIIBI KOTODOW JieKaT Ha
JIBYX CTEPKHSIX M MOTYT CBOOOJHO IO HUM CKOJIB3UTh.
Crpyna nmeeT HaTsiyKeHne T’ MacCOBYIO IJIOTHOCTD L.
Crep:KHU PACIOJIOKEHBI TAK, YTO OTHOMY U3 HUX COOT-
BercrByeT 2z = 0, a gpyromy — z = [l. YIJIbI MeXIy
oceio X m crepxkHamu nupu z = 0 u z = [ coorBer-
CcTBEHHO paBHbI 01 u 5. CMellieHre CTPYHBI OT [IOJIOXKE-
HUsI PABHOBECHsI TIPOUCXOJUT MAPAJIIETbHO TIIOCKOCTH
X-Y, u ero MOXKHO onmcaTh mnoJjieM cmemnienus ¢(z,t),
KOTOPOEe UMeET BUJ

d)(Z?t) = ¢1(Z7t)€1 —|—¢2(Z,t)é\2, (1)
3mech €1 U €3 — €IUHUYHBIC BEKTOPHI BIOJb oceil X n

Y, coorBercTBenHo. Il10THOCTD JTarpamKuana Jjis mo-
JIsI CMEIeHUs] UMeeT BUI
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OTKY/Ia MBI IIOJIy4aeM BOJIHOBOE ypDaBHEHUE
(3)
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) $(t) = 0,
IJIe CKOPOCTh 3BYKa PaBHA

o= ( >/

KOH]_H)I CTPYHBI YJIOBJIETBOPAIOT CBA3AM
gf)g(o,t) —tg@lgbl((),t) = O, (4)

P2(l,t) — tgbag1(l,t) = 0. (5)

91U CBA3U JaI0T cjeayronpe rpaHuvIHble YCJIOBUA Ha

T

p

KOHIIaX CTPYHBI:

061(0,1) 02(0,1)
Py g, 2220 )
0¢1(1,t) Opa(l,t)
1 4 tghh—— 2~ = 0.
0z +ieh 0z 0 @
Torga perenusi TpuHUMAIOT BuL [14]
h1(z,t) = Z (anei“’"t +ane_i“’"t) X
x cos(knz +61), (8)
$a(z,t) = D (ane™rt +ane ") x

x sin(knz +61), (9)

I'’ie KBaHTOBaHHBbI€ BOJIHOBBIC YHUCJIa kn PaBHDBI

o =

~13

(n+r), r:%(ﬂg—ﬁl), (10)

a COOTBETCTBYIONINE COOCTBEHHBIE YACTOTHI PaBHBI

Wy, = 7TTv(n—i—r).

(11)

Kaxk BujHO u3 ypasaenuit (3)—(5), JaHHBIH TOIXOJ
MOXKHO UHTEPIIPETUPOBATH KaK CBODOIHYIO TEOPUIO I10-
Jisi ¢ HaDOPOM CBsI3€il HA KOHIAX CTPYHBI B TOYKAX 2 =
= 0,!. B caenyromewm pasmene mbr mosoxkum 61 = 0 u
02 = 0, Tax uro r = §/7. B pa3z. 4 Mbl CHOBA TIOJIOXKIM
6‘:6‘2—91,I‘ﬂ;€6‘17§0.

Taxum 06pa3oM, OCHOBHOE IHMCIEPCUOHHOE COOTHO-
[IIEHUE UMeeT BUJ

= 0. (12)

. wl w
sin — — tg# cos —
v v
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WNurepecHo oTMETUTD, 9TO (OPMATBLHO ITO TOT YKE THIT
JIUCIIEPCUOHHBIX COOTHOIIEHUI, KOTOPBIA BCTpedaercs
B (u3uKe TBEPJOrO Teja, B TaK HA3BIBAEMOIl MOJIEJIH
Kponura—Ilennun, Ho B BBIPOXKJIEHHOM CJIydae, KOTJIA
BKJIaJ, KBa3U-UMILYJIibca (KOTODBIi onpejessercs 6710~
XOBCKOH TIEPUOINTHOCTBIO) paBeH HyIo [15].

3. SQHEPIUA KASVMMPA ITIPU HYJIEBOU U
KOHEYHOWM TEMIIEPATYPAX

Yr006bI BEIYUCIUTD SHEPrui0 KazuMupa, CBI3aHHY 0
¢ coberBeHHBIMI YacTorami (11), Bocmob3yeMest JBY-
Ms pasHbiMu criocobamu. Oba 5T crocoba sSIBJISIIOTCS
SJIETAHTHBIMA U 3(OPEKTUBHBIMA, U, KPOME TOTO, UX
JIOCTATOYHO JIETKO HpuUMeHATh. CHadaia paccMOTPUM
ciy4ait HyJseBoil Temueparypsl, 1 = 0.

3.1. UcnonbzoBanue a3era-pyHkiuu I'ypsuna

Onncanne METO/Ia PETYIAPU3AIUN MOYKHO HAWTH B
paborax [16] wiu [17]. (Buepsbie aroT MeTOx OBLI IpU-
MEHEH JJIs aHAJIOTUYHOI COCTABHOW CTPYHHOU CHCTe-
MBI aBTopamu paborser [18].) (i (s, a)-byrkuus 'ypsn-
3, ICXOJIHO OIPEIEIAeTCS KaK

Cu(s,a) = Z(n—l—a)_s, 0<a<l1l, Res>1. (13)

n=0

B takom Buae dbyukiusa ['ypBura omnpeenera TOJIBKO
upu Res > 1; aro mepomopdHas GyHKINSA C IPOCTHIM
nosiocoM B Touke s = 1. IIpm Res < 1 ee moxkHO aHa-
JINTUYECKN TTPOJOJIZKUATH Ha, KOMILIEKCHYIO IIJIOCKOCTD.
Ha camowm sere Ha pakTuKe TpeOYeTCsT TOIBKO CJIE/Ty-
IolTiee CBOMCTBO (DYHKIINHU, aHAJUTUYECKN IIPOIOJIZKEH-
HOH B TOUKy s = —1:

CH(—l,aJ)z—1 (az—a—kl) . (14)
2 6

Mgt npeamosraraem, aro 0 < 0 < 7, tak uro 0 < r < 1.
B seipaxkenue (11) jyist COGCTBEHHBIX YACTOT MBI BKJIIO-
YUJIA TOJBKO HOJOXKUTEIbHbIE 3HAYEHUS Wy, ; 9TO O3HA-
4aer, 9T0 Mbl cuuTaeM oT 7 = 0 BBepx. (DTO CBA3aHO
C Te€M, UTO MBI OIHUCHLIBAEM BOJIHBI KaK cTosame. Ecin
BMECTO 9TOTO PACIPOCTPAHSIONINECS MOIBI PACCMATPHU-
BATh KAK OCHOBHBIE, TO BOJIHAM, JBUXKYIITUMCS HAJIEBO,
OyJyT COOTBETCTBOBATH OTPULIATEIbHBIC 3HAYEHUS N.)
Torma st IOTHOM SHEPTUN HYJIEBBIX KOotebanuit £y mo-
JIydaeM BbIpasKeHue B HEPEryJIIPU30BAHHOM BHUJIE:

%

=3 (n+r), (15)

n=0

0

KOTOpOE 3aTeM MOXKHO IPeobpa3oBaTh, HCIOJb3YsI
ypasuenue (14):

L Y (- TR
Ey = 57 Cr(—1,7) = o (r 7“—|—6>. (16)

Yrobbr monyunTh sHepruio Kazumupa Fo, HyKHO BbI-
9eCTb KOHTPWIEH Feoynter, COOTBETCTBYIONNNA SHEPT AN
HYJIEBBIX KOJIeOaHUiI B CJIydae HYJIEBOI'O OTKJIOHEHUS

0 =0:

T T
Ecounter — géhH(_laO) - _ﬁ' (17)
IIpu T = 0 okOHYATE/ILHBIN OTBET UMEET BU/T
Ec = Eo — Eeounter = Z—;’ru —r). (18)

IIpu 0 = 0 umeem Ec = 0, Kak U JIOJ2KHO OBITH B COOT-
BETCTBUU C IOCTPOEHUEM, IPU § = 7 MBI IIOJIyIaeM TOT
ke oTBeT. MakcuMa/ibHOE 3HAYEHUE IMOJIYyIaeTCs IPHU

0 =m/2:

- v
max 1GZ

XapaKTepHBIM CBOUCTBOM E¢ SIBIFETCS TO, UTO Ta

Ec| (19)

SHEeprusi HeOTPHUIATEIbHA. DTO TPOTUBOPEUUT HOBE/IE-
Huto Heprun Kaszumupa, nosrydeHHOMY 11 OOJIbIITIH-
CTBa CUCTEM, TIOCKOJIBKY 9Ta SHEPTHs OOBIYHO OTPHUIA-
TeJbHA, ITO COOTBETCTBYET TOMY, ITO 00BbITHO cuta Ka-
3UMUpA SIBJIAETCS CUJION TPUTSKEHUS MEXKJy IBYMs
rmapaJuieJIbHbIMU IJIOCKOCTMU. B dem ke ¢ dusnde-
CKOW TOYKM 3PEHUS IPUINHA TOTO, YTO B HAIIIEM CJIyJae
sueprust F¢ noJsioxkureapbaa? Mbl cauTaeM, 9TO IPUYH-
Ha 3aKJIF0YAETCS B TOM, 9TO IIPU [IEPEXOJIE OT HAYAJIBHO-
ro cocrosiaus § = 0 K KoHeuHoit KoHburyparmuu 6 > 0
HaJT CUCTEMOH JTOoKHA OBITH MPOM3BejeHa paboTa CO
CTOPOHBI BHENTHUX CUJI. JTO O3HAYAET yBEJIUICHUE Me-
XAHUYIECKON SHEPTUN CUCTEMbI, BKJIIOUAs U YBEJINICHUE
SHEPI'UH HYJIEBBIX KOJeOAHUI.

Y0066 B JaabHEHINIEM HUCIIOJIb30BATD 3TOT PE3YIih-
TaT Jjisi 60JIee MUPOKOTO KPyra 3a/1a9, CPABHUM €r0 C
pe3yJbTaTaMu, MOy YeHHBIME C IIOMOIIBI0 Teopun Ka-
3uMupa i KyCOYHO-OJIHOPOAHOM cTpyHBI. VcxomHo
Teopust JJist TAKOW crucreMbl ObUIa pa3suTa B pabore [7]
ang caydas T = 0. B aToit Mojienmm paccMaTpuBaeTcs
3aMKHyTasl CTpyHa ¢ mojHoil mmmuoi | = If + lrr, co-
cTodIas U3 AByX dacTeil Aauuoit [; u l7, 11T KOTOPBIX
B TOYKE UX COEIUHEHUS BBITOJHSIIOTCS IBa IPAHUIHBIX
ycsoBust: (1) HEIPEPBHIBHOCTH TIONIEPEYHBIX CMEIeHnil 1
(ii) HEIPEPBIBHOCTD IIOIIEPEUHBIX YIIPYIHUX CHJI. DTa MO-
JIeJIb PEJIATUBUACTCKAS B TOM CMBICJIE, 9TO JJIsi 0Demx
gacTeil CKOPOCTb 3BYKa IIpeAIojaraercsa paBHOU CKO-
poctu cBeta. Eciu onpesesmnTs OTHOIIIEHNE HATSAXKEHU
KaK

x =Ty /Ty,
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a OTHOINIeHue JJIMH KaK
s =1/,

TO JACHEPCUOHHOE YPABHEHUE [MPUMET BHJL
4x

DTO ypaBHEHHE MOXKHO PEIIUTh PA3IMIHBIMU CHOCO0a-
Mu. 11 IpOCTOTHI OrpaHUYIAMCS CIIydIaeM MaJioro OT-
Horenust HaTskenuit, © — 0. Torma crekTp cobcTBeH-

WS

.owm .
SIn — —+ sin
1+s

5 ) =0. (20)

HBIX 3HA4YEHUH I JIBYyX 4YacTeil CTPyHBI pa3dbuBaeTcs
Ha JIBe II0CJIE/I0BATEeIbHOCTU:

wr(s) = 1+ s)mn/l, (21)

wa(s™Y) = (1 + s Hmn/l. (22)

V3 5TUX BBIPAXKEHU XOPOIIO BHHO XapaKTepHOe OT-
JIMYHe TpeJiIaraeMoil Mojiesin: cOBCTBEHHBIE YacTOThI B
BoIpaxkeHusx (21) u (22) nponopuuonasbHel 1. B Mo-
JICJI COCTABHBIX CTPYH HET XapaKTePUCTHK, KOTODBIE
JieJiasiu Obl ypaBHEHME Ha COBCTBEHHBIE 3HAUCHNST HEO I-
HODOJIHBIM, Kak ypasHenue (11).

WHrepecHO Tak»Ke MPOBECTH CPABHEHHE C TakK Ha-
3bIBaEMOI KBAHTOBOM Ipy2KuHoil [19]. B Taxoit cucreme
paccMaTpuBaioTCsa KostebaHuss 6€3MacCcOBOTO CKAISPHO-
IO [OJISL IPU HAJIMYUA CIHPAJIBHBIX IPAHIIHBIX YCJIO-
Buii, pu sToM cmia KasuMmupa, mapajuiesbHasi OCH
CIIUPAJIH, AHAJOTUYHA YIIPYTOil CHjle IPYKUHBL B sToM
citydae COOCTBEHHBIE 3HAYEHHS] CTAHOBATCS HEOJHOPOI-
HBIMH TIPH [IEJIbIX 1, IPUYIEM HEOJJHOPOIHOCTD BOZHUKA~
eT M3-3a Iara CIupaJm.

3.2. Meron MHTErpupOBaHUs IO KOHTYPY

IIpu BbIYMCTIEHNN SHEPTUH HYJIEBBIX KOJIEOAHUI
CYMMY TIO 7 MOYKHO BBIPA3UTh KAK MHTErPAJI 10 KOH-
TYPY, UCIOJIB3Yysl TOT (PaKT, 4TO Jitobasi MepoMOpdHAast
dbyukius g(w) yaoBIeTBOpPSET yPABHEHUIO

(23)

rJle Wy COOTBETCTBYET HYJISAM, & Weo — IOJIOCAM g(w)
BHYTPU KOHTYpa HHTerpupoBaHus. Beibepem 3ToT KOH-
TYP B BH/IE TIOJIyOKPYKHOCTH 60JIbII0r0 pajauyca R Ha
IpaBO#l MOJIYILIOCKOCTH W, KOTOPas 3aMBIKAETCs MIPsi-
MO JIMHUEH, MPOXOJAdAIIel U3 TOUYKM w = 1R B TOY-
Ky w = —iR. IlogpobHoe ommcanue 3TOil MPOIENYPHI,
OOBIYHO HA3BIBAEMOI IIPUHITUIIOM apryMeHTa, [IPUBEIe-

HO, HarpumMep, B pabore [20]. [lpumenenue 3Toro npun-

nuna K Teopun Kaszmmupa ObLIO MPEIIoKeHo B pabo-
Te [21].
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CuauaJia paccMOTPUM Cjieyiomuii ansar 1jist g(w):
2

g(w) = [sin wl _ tg 6 cos wl (24)

v v

VY sToit GYHKIUHN eCTh HYJIH Ha JAeHCTBUTEJHHON och
U HeT IIOJIIOCOB. PacXOMMOCTH, ITOSIBJISIIOINICHCS TPH
CYMMEPOBAHHUU 110 BCEM YaCTOTaM, MOYKHO M30€XKaTh,
BBOJIS PETYISIPUIYIONUN MHOXKUTENIb €~ | r1e o —
MaJIbIif TTOJIOKUTENbHBIN mapamerp. Kpome Toro, mpu
BBIYNCJIEHUT SHEPIUH HYJIEBBIX KOJIeOAHU TpU HEHYJIe-
BBIX 3HAYCHHsX @ MPOBOMTCS ferenue Ha sin’(wl/v),
Tak 4To mpu f = 0 apryment Jjiorapudma CTAHOBUT-
cs1 paBHBIM euHuUIEe. HakoHerr, o mpuanHaM, KOTOpbIE
MBI OO'bSICHIUM HIUZKE, IIPOBOJIUTCSI JIEJIEHNE Ha TOCTOSH-
myto sesmauny (1 + tg? 0). Takum obpazom, ToTydaem

sin(wl/v) — tgfcos(wl/v) [ 1
. (2
9(w) = sin(wl/v) 1+tg26 (25)
Ha muumoit ocu, t11e w = i€, numeem
, 1+ tg2 0 cth?(&l/v
ali€) = (L), (26)

1+tg%6

BUaHO, uTO ¢(i€) — 1 pu £ — +00. DTH IKCTPEMAIH-
HbIe TOYKH, BMECTE C JPYTHMH TOYKAME Ha OOJIBINOM
[TOJIYyOKPY2KHOCTH, HE AT BKJaJa. TakuM 00pasoM,
npu T = 0 gys sueprun KazuMupa MOXKHO 3aITiCATD

L fod
Po= -5 [egmate)de. (20
0

BoInosHEM HHTEIrPHPOBAHME IO YACTIM, 3aMETHB,
4ro rpaHuydHble WwieHbl upu £ = 0 u £ = oo He Ja-
10T BKJIaJa. OKOHYATEIHHO, II0CTIe BBEJAECHUS PEryIApH-
3YIOIIEro MHOXKHUTeJd, sHeprusg Kasnmupa npuHuMaer

BHT
o0
e~ 8y (

0

1

:27T

1+ tg? 60 cth?(¢l/v)
1+tg20

Ec ) d¢. (28)

IIpenmyinecTBO MeTO/a MHTErPUPOBAHUS IO KOHTYPY

COCTOUT B TOM, UTO ITO BBIPAXKEHHUE JIETKO 0000IUTH

Ha CJIy4ail KOoHedHbIX TeMieparyp. Obmas moacTaHoB-
Ka MMeeT BU/I

o0

gl

0

oo !

¢ — 2mkpT»

n=0

(29)

(3TO BBIpa’KeHHE 3alCAHO B PA3MEPHBIX €IMHUIAX ),
re IMTpuX O3HAJYaeT, 9ro cjaaraemoe ¢ n = ( Geper-
CsI ¢ TIOJIOBUHHBIM BecoM. JIncKpeTHbIe MaIy0apoBCKUe
9aCTOTHI UMEIOT BU/T

2w
gn =

3 nkBT,
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rne n = 0,1,2,... CooTBeTCTBEHHO, TPU KOHEYHBIX T’
cBoboHAS SHEprus KazuMmupa mpuHAMAaeT BUT

Fo(T) = kpT» e " x

n=1

xln( ), (30)

rJie CyMMUPOBaHUE IIPOBEIEHO HAYMHad ¢ 1 = 1, 4To-

1+ tg? 0 cth?(¢al/v)
1+tg®0

Ob1 n36exkarhb pacxogumoctu upu n = 0. OusiTh, 110 1o-
crpoennto, pu § = 0 sueprus Kasumupa Fo(T) crano-
BUTCS paBHO HyJ10. MeXK Ty COCTOSTHUSIMU C BBICOKIMU
U HU3KUMHU TeMIepaTypaMu UMeloTcd padiundus. EcTb
JIBE €CTEeCTBEHHBbIE YACTOTHI: II€PBasi — TEIJIOBAas Yac-
rora wr = kT /h, a Bropas — reoMerpudecKas 4ac-
TOTA Wyeom = 27¢/l, CBA3aHHAS ¢ PA3MEPOM CHCTEMBL.
CocrostHue ¢ BBICOKOI TeMIIepaTypoil XapaKTepu3yeTcst
GoJIbIIMM 3HAaMEHIEM OTHOMIEHUS JAaCTOT W /Wgeom, &
MMEHHO,

wT - kBTl - 51[

= 1.
@n)2he ~

= (31)
Wgeom 2mhe

st cocTogHMS ¢ HU3KOM TeMIEepaTypoil 3TOT mapa-
MeTp MaJl.

3.2.1. Beicokue Temneparypsbl

ITpu Hu3kux Temneparypax Boipaxkenue (30) mme-
€T CJIOXKHBIH BUJI BCJIEJICTBUE TOTO, 9TO (hyHKIWs cth B
obsactn gacror n € [1,00] cuabHO M3MeHstercst. st
BBIUUCJICHUI MOXKHO HCIIOJIB30BaTh (HopMysty itse-
pa—MaxkJiopena uiau opmyisy Abessi—Ilnana, ogHa-
KO MBI OIPAHHYIUMCS CJIy9aeM BBICOKHX TEMITEPaTyP.
Jlyist 3TOrO Cilydas BBHIYUC/ICHUS [TPOBOJUTH HECJIOXKHO
U, KPOME TOI'0, MOYKHO TIOJIy9UTh XapPaKTePUCTHIECKUE
CBO¥ICTBA HaIeil MexaHu9IecKoit cucrembl. C ydaeToMm To-
ro, 4To

cthzr~ 1422 mpu 2> 1,

3aMeTHM, 9TO apryment Jsorapudma B dbopmyse (30)
MOYKHO 3aMEHUTH BBIPAYKEHUEM

1+ 4sin? fe=?7,
roe
z =&l /v,

OcHoBHOI1 BKJIaJ1, JaeT Hu3MIas Moja npu n = 1. Takum
006pa30oM, JIJIT BBICOKUX TEMIIEPATYP IIOJyIaeM CJIeTy-
Iolee BhIpaxkeHue njis cBoboaHoit snepruun (h = 1):

Fo(T) = 4kpT sin® fe~4keTl/v (32)

900

(B cilydae BBICOKMX TEMIIEPATY D MHOKUTEb OOpe3aHust
HE Urpaer POJIN).

[ToJie3HO CpaBHUTH MOJIyYEHHBIN pe3yJIbTaT C BbIpa-
JKeHneM Jijisi ¢cBoboHOM sHeprun KaszmMmupa st BbI-
COKUX TEMIEepaTyp JJis Mapbl MPOBOJSINUX TLIACTHUH,
pas3JIesIeHHBIX TEJIbIo MUpHUHOi a [1]:

kgT
8ma?

kBT e—47'rkBTa

Feo(plates) = — T i

¢(3)
MozKHO cies1aTh CJIeIyIOIIIe BhIBO/IBI.

1. Tlepsbiii u ryiaBHbI YieH B Boipazkenuu (33), mpo-
nopuuoHasbhblii T, B Bbpaxkenun (32) OTCyTCTBYET.

. (33)

DTOT WieH cooTBeTCTBYeT . = () TP HAJIMYIUU BHEITHE-
r'o 3JIeKTPOMArHUTHOTO TI0JISI 1 COOTBETCTBYET KJIACCHU-
qecKoil Teopuu. B mpeiioyKeHHOi HaM# MOJIETTN CITy Jait
n = 0 He UI'paeT CyIIeCTBEHHON DOJIN.

2. Ilepsbiil wien B Bolpakenuu (32) u BTOpoe cJia-
raemMoe B BbIpaykeHnH! (33) aHAJIOMMYHBI, IOCKOJBKY CO-
gepxkatr T', yMHOXKEHHYIO Ha YOBIBAIOIIYIO SKCIIOHEHTY,
B TOKa3aTesb KoTopoit BxoauT 1'. B aTux sxcrmonenTax
/v coorBeTcTByeT TA.

3. Ilpu dukcuposannom T cBOOOIHAST SHEPTHUSA B
BbIpazkeHun (32) JocTUraeT MaKCUMAJIbHOIO 3HAYEHS
upu § = 7/2. AHasornaHoe nosejieHue ObII0 MOy Y9€HO
BoIIIe Jyist ciaydas 1 = 0.

4. Hakomer, Bbpakenne (32) m BTOpOE cirarae-
MO€e B BbIpazkenun (33) UMEIOT IIPOTUBOIIOIOKHBIE 3HA~
Ku. MbI y2Ke 00CYyXKIAJI 3TO BBIMIE. DTO MOYKHO TaK-
JKe MIPOUJLTIOCTPUPOBATH € TIOMOIIBIO CJIEIYIOIIEr0 PAc-
CYXKJIEHUST: TPEJITOJIOKIAM, YTO HAIla CTPpYHHAs CH-
creMa MeJJIEHHO IIePEMEIAeTCsi U3 TOYKH (3 B TOUYKY
8+ df upu nocrosiHHO TeMirepaType. dist 3TOro mpo-
mecca TpebyeTcsT MOJOXKUTEIbHAs BHEIHHAS pabdora,
Ipu 3TOM CBOOOIHAsT 3Heprusi KasuMmupa yBejmauBa-
ercsi. Ilpy HajmMmuuyM 3JIEKTPOMATHUTHOTO IIOJISI, €CJIU
[JIACTUHBI IEPEMEIAIOTCS U3 TOYKHU ¢ B TOYKY a + da,
Tak»Ke TpebyeTcsl IOJIOKHUTe/IbHAasT BHEIHsisT paboTa.
B srom cMmbiciie 06a ciiydasi aHAJOMUYHBL APYT JAPYTY.
Paszymane 3akaiogaercss B TOM, 9TO CTPYHHAsT CUCTEMA
npubINKAETCA K COCTOSTHUIO ¢ MAKCUMAJIHLHON SHepru-
eit tpu § = 7/2, B TO BpeMsl Kak CHCTeMa ILIACTUH
IpubINKAETCS K COCTOSTHUIO C @ = 0O, KOI/Ia CBODOJI-
Has SHEPrusl paBHA HYJI0. B 3TOM IpuyYnHa pasjindus
3HAKOB CBOOOJIHBIX dHepruit Kazmmupa.

3.2.2. /Ipyrue repMoaAnHAMUYECKHUE MOTEHIINAJIbI

UNHuTrepecHo Tak>ke BBIYUCIUTL JAPYLUe TEPMOIIMHA-
MUYECKHE MOTEHIMAJbBI, MO-IIPEXKHEMY IOJIarast, 9ITO
TeMIlepaTypa sBJISeTCs BBICOKOH. B sToMm ciyuae, mc-
OJIB3Y st OOIIYI0 hOpMyITy

S = —QF/T,
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HETPY/JIHO BBIYUCIUTH 3HTponuio KazuMupa cucTeMbl
Sc. Honyaaem

4kpTI

Sc = —4kpsin? 0 (1
v

>e—4kBTl/v' (34)
OTO BBIpAXKEHHE MOXKET WMETh TOT WJIU WHOU 3HAK B
3aBHCHMOCTH OT BeJaudauHbl oTHOIIeHns 4kpTl/v. Hus
JPYTUX CIyYaeB XOPOIIO U3BECTHO, CM., HAIIPUMED, pa-
6ot1bl [22,23], uro surponnu Kazumupa MOTyT GBITH OT-
punarenbabiMu. [IpoTrBOpeUnst BTOPOMY 3aKOHY Tep-
MOJMHAMUKH HET, ITOCKOJIBKY MBI UMEEM JIEJIO JIUIIb C
YacCTbIO IIOJIHOI CUCTEMBbI, & BTOPO 3aKOH TEPMOJUHA-
MHUKHM TPUMEHUM TOJIBKO K IOJHOU cucreme. [lns He
CJIUINKOM BBICOKHX Temiieparyp surporus So < 0. Ec-
s 4kpTl/v > 1, 0 3HTpONUA S CTAHOBUTCS [IOJIOXKH-
TEJILHOM, OJHAKO €€ BEJIUINHA IKCIOHEHITNAJIHHO yObI-
Baet. [Ipu T" — oo suTpomnus Sc — 0.

Buyrpennioro suepruro Kazumupa Uc MOXKHO Haii-
TH, BOCIIOJIb30BABIINCH COOTHOIIIEHUEM

F=U-TS.

ITomyaaem

4kpTI
Uc = 4kpT < il > sin? ge ks Tl/v, (35)
v

1o BbIpazKeHue BCerjia IOJIO2KUTE/ILHO.

4. TEOPETUKO-IIOJIEBOM ITOJAXOI:
OYHKIINA T'PUHA

Teneps paccMoTpuM TPOHJIEMY € IOMOIIBIO TEOPE-
THKO-IIOJIEBOTO TIOJIX0/[a, TJie IJIaBHOe — HailTu (byHK-
nuio 'puna. B mannom pasmesne Mbl OyaeM yIUTHIBATD
BCIO 9aCTOTHYIO 00JIaCTh, BKJIIOYasl U OTPUIATEIbLHBIE
YACTOTHI, TaK ITO N € [—00, 00]. CobcTBEHHBIE MOIBI,
oTpe/iesisieMble KaK

o)=L cos(knz
up,(2) = Wi (knz 4+ 61), (36)
() = = sin(knz + 01), (37)

va

YAOBJIETBOPAIOT COOTHOIIEHUAM OPTOT'OHAJBbHOCTHU

! 1
1
/dz Zuil (2)un(z) = 7 /dz cos z(kn, — kn) =
0 a=1 0
=0pn (38)
U 3aMKHYTOCTHU
> ul(Rub(z) = K*%(z,2")6(z — &) =

Marpuua K°(z, 2') umeer apubiii Buj

cos?(z—z’) —sin?(z—z’)

KP = (40)

sinﬂTT(z—z’) COST‘—TT(Z—ZI)

KOTOPBIN MO2KHO HOJIYYUTh, UCIOJIb3Ys IIPEICTaBIEHUS
B Bujsie pagoB Pypoe:

1 !

7> cos ”T"Z cos 7”;‘2 =5(z—2), (41)
1 &< ™z . 1wz ,

7 sin —— sin — =9d(z—2). (42)

Bropoe u3 paBeHcTs (39) ecTh HE YTO HHOE KaK
K (2,2")| om0 = 6°P.

U3 seipaxenus (40) ciemyer, ato
K (z,2")|p—o = 6°7,

OTKy/a cjieyeT, 9To byHKIus | prHa SBIISIeTCS raro-
HaJLHOM, eCc/Ti CTepKHN napasuiebubl. Pyuxmuio ['pu-
Ha G°P MOKHO DPa3JIOKHTL 110 COOCTBEHHBIM MOJIAM

(36) n (37):

dw ,
GOt —t';2,2) = j/ e g (wiz, ), (43)

— 00

e

aB(,,. A
Ipu 3TOM COOCTBEHHBIE 3HAUYCHUS PaBHBI
w2
M(w) =k = — (45)

2

HUcnonb3yst Beipazkenns (39), (43) u (44), nonyuaem

1@ 2N
(7 92 ) &t~ #325) =

=585t —t")o(z — 2').  (46)

5. AJIbTEPHATUBHBIN BBIBO/I SHEPTUN
KABNMUPA IIP1 T =0

OHeprus HyJIEBbIX KOJeOaHWi B TepMuUHAX (DYHK-
uun ['puna umeer Bug, [1]

Ey = %Tr InGP(t —t's2,2), (47)
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rue 7 — (Geckoneunbiii) BpeMenuoii unrepsas. s
dynkipn I'puna (43), ucnoss3yst Bblpakenust (44) u
(38), mosryuaem 9HEPrUIO HYJIEBLIX KOJIeOaHWil B BUJIE

1 Oodw =
=— | = In (k% —
2i 2wn_2_:wn<”

w

2
_2> _
BroimosinuB eBKIMI0BO Bpalienne w — 1€ U HEIOCPe/I-

CTBEHHO HCIIOJIBb3Y$ PEryJISPU3AINIO TIOCPEICTBOM J13€-
Ta~-dyukun Pumana

N (48)

i 1=1+2¢(0) =0,

n=—oo

(49)

nepenuireM Boipazkerue (48) B Buze (cM. IIpuitoxenne)

/dn
0 n

x [an[ e 220 e ) (s0)
0

v

E:
DY)

X

21

[e’e) 2
Z In <n—|— g) + K2
s

=—00

rje

wl

K=—.

U
Bo Bropoii crpoke Boipazkenusi (50) mMbl npenebpersin
BTOPOCTENIEHHBIME KBaPATHIHO PACXOATIAMUACS JIe-
Hamu. Ternepb, 4TOOBI BBIYUCIUTE MIOC/IE/IHAE HWHTErPa-
161 B BeIpakeHn (50), pasioKuM B P JIorapudM J1J1st
3aJJAHHOTO KOMILIEKCHOTO 9HCIa, Z:

ln(l—Z):—i

1

z"
m

(51)

m=

upu yejaosuu, uro |Z| < 1. Torma mMoxkHO 3amnucarhb

o +2imo
‘ (52)

m2

m=1

/dKJ In (1 _ e:|:2i96—27'rl-€) — _
0

IMoxcraBum coorrorenue (52) B Beipaxkenue (50) u
UCHOIBb3YeM TOXKECTBO [24]

yo cosme

m=1

2

6

2

4 )

T
2

+ (53)

I10CJIE€ 9€er0 HOJ'Iy‘II/IM BI)Ipa}KeHI/Ie JJIA SHepI‘I/II/I HyJIeBbIX
KoJieOaHuii:

-y

m=1

Fo cos 2mo _

m2

902

(HamoMHUM, 9TO T 0/m). BblureM KOHTpUJIEH
Ecounter, COOTBETCTBYIOMMI TouKke r = (), TOCJIE 1T€ro

[IOJIy9MM BbIpaskeHue Jjid sueprun Kasumupa:
™
—r

57 (1-r).

ITpuBeneHHbIE PE3YILTATHL COIVIACYIOTCS C PE3YJIbTATA-
MM, [OJIy9YeHHBIMU paHee B pa3jl. 3 (IpHUMHA, 110 KO-
Topoii Bbipaxkenus (54) u (55) aHAJOIMMYIHBI, COOTBET-

EC = EO - Ecounter = (55)

cTBeHHO, BhipaxkeHusiM (16) u (18), cocrout B TOM, 9TO
B HACTOAIIEM pasfeie Mbl yIATBIBAEM BECh HHTEPBAJI
n € [—oo, 00]).

C TOYKM 3peHHsl TEOPETHKO-TIOJIEBOrO TIOIXOJIA,
ypasHerne (54) BOCIPOM3BOAWT TOTEHIMAN Jlomepa,
ecJ cTepKHU napasiebubl (§ = 0) wiu anTunapas-
gespubl (6 = 7). B oboux ciydasix cTpyHa yIOBJIET-
BopsieT rpaHuYIHBIM ycaoBusaMm Heiimana—Helimana u
Hupuxie — Tupuxsie. Ilpu 6 = 7/2 KOHIBI CTPYHBI Y10~
BJIETBOPSIIOT TPAHUYHBIM ycaoBusiM Helimana — Iupux-
Jie, a SHeprus HyseBbIX Kosebauuii (54) mocruraer Mak-
cuMaJIbHOrO 3HaveHus (cM. [14]):

1 7o
E0|max = ﬂ T

6. BBIBOAbBI 11 SAKJIFOYNTEJIbBHBIE
SAMEYAHUA

Ectb neckonbko BapuanToB Teopun Kaszumupa, st
crpyHHOIT cucrembl. Kak OBLIO OTMEYEHO BBINIE B
pa3nm. 3, UMeeTCs CBsI3b MEXKJLy IPE/JIOZKEHHO! B Ha-
crogreit paboTe Teopueil u Teopueil KyCOUIHO-Hepe-
peIBHO# cTpyHbI. EIie ognH BapuaHT, KOTOPBIH Tpeby-
eT JaJbHEHIIero uccaeoBanns, — 3To Teopus Kasn-
MUDa I CTPYHBI, UMEIOIIel SJIeKTPUIECKIe 3aPsi bl
Ha KOHIIAX U B3aUMOJICHCTBYIONIECH C BHEIIHUM 3JICK-
TPOMArHUTHBIM IIOJIEM. DTa TEOPUsl PACCMATPUBAJIACH
B pabore [25]. [IpecTaBisiior MHTEPEC CXOICTBA U Pa3-
JIAYUS MEXKJy TeOpHuell, yYUThIBAIOIIe HAJINIue JJICK-
TPOMArHUTHOTO TI0JIsi, U T€OpHUeil, MPeJJIOKEeHHON B Ha-
croseit pabore. Bo-nepBbIX, 0Ka3a/j0Ch, YTO OCHOB-
Hble BOJTHOBBIE YPaBHEHUs JjIst 00enX TeOpuil B OCHOB-
HOM Té€ ¥Ke CaMble; CM. ypaBHeHue (3), IPUBEJIEHHOE BbI-
mme. Bo-BTOPBIX, 0KA3aJ/10Ch, 9TO JIJIsT HUX PA3JIMIaI0TCsI
rPAHUYHbBIE YCJIOBHUSA. B Teopuu CTPyH, yINTHIBAIONMIEN
HaJIM9He SJIEKTPOMATHIUTHOTO 1011, KOOPANHATAMU SB-
JISIOTCS. BeJnauHbl (7, 0), cM. [25], rae T — BpeMeH-
Hasg KOODJIMHATA, & 0 — KOOPJMHATA BJIOJIb CTPYHBI, a
TPAHUYHBIE YCJIOBHUS COCTOAT B TOM, YTO KOHI[BI IIPHU
0 =0 u 0 = 7 ocTalTCs B MMOKOE. DTO O3HAYAET, IYTO
Ha KOHIIAX CTPYHBI yIpyTas CHJIa TxL ¥ 3JIEKTPOMAr-
HuTHast cuta ¢F), ()Y HAXOAATCA B PABHOBECHN:

Tz, + qiFu () i” =0, i=1,2, (56)
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Ie 1 U g2 — 3apsiabl Ha KOHIAX cTpyHbl. o HEKO-
TOPOH CTEIEHU, 3TO IPAHUYHOE YCJOBUE AHAJOTHYHO
YCJIOBHUIO, UCIOJb3yEMOMY B HAIEl MOJIEIH, IPU 9TOM
MBI Tak>Ke TpebyeM, YTOOBI IMOJI0KEHUsT KOHIIOB CTPY-
HBI ObLIN (DUKCUPOBAHBI st JIIOOBIX t, KaK CJIEIyeT
u3 ypasreruii (4) u (5), npusegennsix Boime. OmgHAKO
UMeETCsT BayKHOE Pa3/Inydue: IIPU HAJIMYUN JIeKTPOMAr-
HUTHOTO TI0JIsI TPAHUYHBIE YCJIOBUS SIBJISIIOTCS JTMHAMU-
YECKHUMH, [T03TOMY Ha KOHIIAX CTPYHBI YIPYTas U JJIE€K-
TPOMATHUTHAsI CHJIa HAXOJSATCS B paBHOBecHu. B Ha-
IeM CJIydae YCJIOBHS SIBJISIIOTCs, HA0DOPOT, YUCTO I'eo-
METPUYECKUMH 110 CBOEl PUpo/ie, ITO HE UMeeT IIps-
MOTO OTHOIIIEHUsI K CHJIAM, JIEHCTBYIOINM Ha KOHIIAX.

Tem He MeHee, HECKOTBKO YAUBUTEILHBIM OKA3AJICS
TOT (DAKT, ITO MOJIyICHHDIE 15T OOOUX CIIyIaeB Pe3yilb-
TAThI XOPOIIIO COTVIACYIOTCS MeXkay coboit. Hampumep,
[IOJIy YeHHOE BhIPasKeHUe JIJIsl SHEPIUU HYJIEBBIX KOJieba-
uuii (54) B TouHOCTH coBHaaeT ¢ BhipakenueM (5.31)
u3 paboTsl (25| mis CTpyHBI, JBHKYyIIeHcss BO BHEII-
HeM MarauTHoM moJie. Hecmorpst Ha TO uTOo pusmte-
CKHe MOJICJIA PA3/IMIAIOTCs, 9TO COIJIACHE yKa3bIBaeT Ha
YCTORYIMBOCTH METO/[A PETYJISIPU3AIIH [IPU PABJIATHBIX
duBNIECKNX YCIOBUAX, B OCOOEHHOCTH MPHU UCIIOIH30-
BaHWUU J3eTa-QyHKIUN ['ypBuIia.

ITPMNJIO2KEHUE

Yr106B!I BBHIYUCINTE GECKOHEUHYIO CYMMY B IE€PBOI
cTpoke Boipazkenus (50), sanurirem

Z In(n? 4+ %) =In H (n? + K% =
=1In l II (e +in) J] e —in)|, (A1)
e N, = n + r. Torga, MOCKOJIbKY
= . (TT
nzl__[m(mc +y) = sin (?), (A.2)
oIy gaeM
Z In(n? + x?%) =
=lnshn(k +ir) + lnshn(k —ir). (A.3)

Baarogapuaoctu. 1. B. 6irarogapur B. Hecrepen-
KO 3a TIOJIE3HYI0 WHMOPMAIIHIO.
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