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Since the discovery of unconventional d-wave super-

conductivity in high-temperature superconductors [1],

physical consequences of d-wave electron pairing have

been intensively investigated. One of such physical prop-

erties is a four-fold symmetry of the parallel upper criti-

cal magnetic field in these quasi-two-dimensional (Q2D)

superconductors [2–5]. From the beginning, it was rec-

ognized that the four-fold anisotropy of the parallel up-

per critical magnetic field disappears in the Ginzburg–

Landau (GL) region (see, for example, book [6]) and

has to be calculated as a non-local correction to the

GL results [3, 4]. Another approach was calculation of

the parallel upper critical magnetic field at low temper-

atures and even at T = 0 [2, 7–9] using approximate

method [10], which was elaborated for unconventional

superconductors with closed electron orbits in an ex-

ternal magnetic field. Note that Q2D conductors in a

parallel magnetic field are characterized by open elec-

tron orbits, which makes the calculations [2, 7–9] to be

unappropriate.

The goal of our article is to suggest an appropri-

ate method to calculate the parallel upper critical mag-

netic field in a Q2D d-wave superconductor. For this

purpose, we explicitly take into account almost cylindri-

cal shape of its Fermi surface (FS) and the existence of

open electron orbits in a parallel magnetic field. We use

the Green’s functions formalism to obtain the Gor’kov’s

gap equation in the field. As an important example, we

numerically solve this integral equation to obtain the

four-fold anisotropy of the parallel upper critical mag-

netic field in a dx2−y2 -wave Q2D superconductor with

isotropic in-plane FS. In particular, we demonstrate

that the so-called supercondcting nuclei at T = 0 oscil-

late in space in contrast to the previous results [2, 7–9].
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Below, we consider a layered superconductor with

the following Q2D electron spectrum, which is an

isotropic within the conducting plane:

ǫ(p) = ǫ(px, py)− 2t⊥ cos(pzc
∗), t⊥ ≪ ǫF , (1)

where

ǫ(px, py) =
(p2x + p2y)

2m
, ǫF =

p2F
2m

. (2)

[Here, m is the effective in-plane electron mass, t⊥ is

the integral of overlapping of electron wave functions

in a perpendicular to the conducting planes direction;

ǫF and pF are the Fermi energy and Fermi momentum,

respectively; ~ ≡ 1.] At the beginning, the parallel mag-

netic field is assumed to be applied along x axis,

H = (H, 0, 0), (3)

where vector potential of the field is convenient to

choose in the form:

A = (0, 0, Hy). (4)

Electron motion within the conducting plane is sup-

posed to be free (2), therefore, we can make the following

substitutions in the electron energy (1) and (2):

px → −i
(

∂

∂x

)

, py → −i
(

∂

∂y

)

, (5)

whereas, for the perpendicular electron motion, we can

perform the so-called Peierls substitution:

pzc
∗ → pzc

∗ −
(

ωc
vF

)

y, ωc =
evF c

∗H

c
. (6)

As a result, the electron Hamiltonian in the magnetic

field (3) can be represented as:

Ĥ = − 1

2m

(

∂2

∂x2
+

∂2

∂y2

)

−2t⊥ cos

(

pzc
∗ − ωc

vF
y

)

. (7)
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By means of the quasi-classical approach [11] to the
Hamiltonian (7), it is possible to find electron Green’s
functions in a magnetic field. Then, using linearized
Gor’kov’s gap equation for unconventional non-uniform
superconductivity [12, 13], it is possible to obtain for
dx2−y2 electron pairing,

U(φ, φ1) = g cos(2φ) cos(2φ1), (8)

the following gap equation at T = 0:

∆α(y) = g

∫ ∞

d

dz

z

〈

J0

{

2t⊥ωc
v2F

[z(2y + z sinφ1)]

}

×

× [1 + cos(4α) cos(4φ1)]∆α(y + z sinφ1)

〉

φ1

, (9)

where now angle α is the angle between the magnetic
field and x axes in (x,y)-plane; < ... >φ1

means average
over angle φ1. For further solution of Eq. (9), it is useful
to introduce new convenient variables:

z̃ =

√
2t⊥ωc
vF

z, ỹ =

√
2t⊥ωc
vF

y. (10)

[Here, at T = 0 we define the upper critical magnetic
field in the framework of the Landau theory of the sec-
ond order phase transitions, as it is done, for example,
in [12, 13]. Therefore, we disregard the possible appear-
ance of the so-called quantum phase transitions.] In new
variables Eq. (9) can be written as follows

∆α(ỹ) = g

∫ ∞

d

dz̃

z̃

〈

J0[z̃(2ỹ + z̃ sinφ1)]×

× [1 + cos(4α) cos(4φ1)]∆α(ỹ + z̃ sinφ1)

〉

φ1

. (11)

Below, we solve integral Eq. (11) numerically. The
typical example of its solution for the superconduct-
ing nucleus, ∆α(ỹ), is shown in Fig. 1 of [11], where it
oscillates and changes its sign with the changing co-
ordinate ỹ. These oscillations are consequences of the
open nature of electron trajectories in a parallel mag-
netic field for the Q2D electron spectrum (1), (2). As we
have shown, they result in the appearance of the oscil-
lating Bessel function in the gap Eq. (11). This typical
behavior of the superconducting nuclei is in a sharp con-
trast with the calculations of the four-fold anisotropy
at T = 0, which were done before [2, 7–9]. The rea-
son for that is the fact that the previous calculations
didn’t take into account open nature of electron orbits
in Q2D conductors in a parallel magnetic field. Numeri-
cally calculated from Eq. (11) angular dependence of the
parallel upper critical magnetic field of a Q2D dx2−y2 su-
perconductor is shown in Fig. 1, where there is a sharp
peak at α = 0 and a shallow minima at α = ±450.
The calculated magnitude of the four-fold anisotropy is
[Hc2(0

0)−Hc2(45
0)]/Hc2(22.5

0) = 0.13, which is higher

Fig. 1. (Color online) Angular dependence of the ratio
hc2(α) = Hc2(α)/H

GL
c2 (0), where Hc2(α) is the direction

dependent parallel upper critical magnetic field at T = 0

and HGL
c2 (0) is the Ginzburg–Landau parallel upper criti-

cal magnetic field slope at T = 0

than that reported before [2]. In addition, from Fig.1, it
is clear that the calculated by us anisotropic term is not
of a pure cos(4α) form as was stated in the all previous
calculations [2, 7–9].
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