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Electrons in solids are described by multi-component
spinors carrying band index. However, at low energies
we may describe electrons by effective spinors with the
essentially reduced number of components. Only those
energy bands are relevant that cross Fermi energy. In
Dirac/Weyl semimetals with Fermi points the emergent
spinors are two component if Fermi energy is close to
the position of the Fermi points. Due to the repulsion
of energy levels the Fermi points are unstable unless
they are protected by topology. Therefore, the effective
description in terms of the two-component spinors typi-
cally survives in the case when the topological invariants
protecting the Fermi points are nonzero.

In the present paper we extend the existing classi-
fication [1] of Weyl points into two directions. First of
all, we notice that in general case of interacting systems
the two topological invariants N3 and Nég) may be in-
troduced. Both are composed of the Green functions.
They become different in general case. As a result in
case of the minimal values N3, Nég) = +1 we obtain the
four topologically distinct types of Weyl fermions. We
call two of them the left-handed and the right-handed
particles, and the other two — the left-handed and the
right-handed “anti-particles”. The latter types of Weyl
points are referred to as the anti-Weyl points, they may
appear only in the presence of interactions. This classi-
fication extends the conventional one, which considers
the two types of relativistic Weyl fermions — the left-
handed, and the right-handed. Another direction for the
extension of the classification of emergent Weyl fermions
is related to consideration of the non-homogeneous sys-
tems following methodology of [2].

We start from the consideration of equilibrium con-
densed matter system with the n-component spinors
at zero temperature. Let us consider the Green functon
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Here hamiltonian H(®) is a Hermitian operator depend-
ing on the field ®, which provides interactions, R[®] is
its action. Sum over points of coordinate space is to be
understood as an integral over d3z for continuous co-
ordinate space. However, we may also consider lattice
tight-binding models, in which case we have the sum
over the lattice points. Factor e~ is introduced here in
order to point out how the poles in Feynmann diagrams
are to be treated. € is assumed to be very small.

Several branches of spectrum of H repel each other.
Therefore, the minimal number n,cquced = 2 of branches
are able to cross each other. And this minimal number
is fixed by topology of momentum space. Let us con-
sider the position of the crossing of 2 branches of H. At
low energies (close to the Fermi level coinciding with the
branch crossing point) the contribution to the physical
observables of the reduced two-component fermions ¥,
¥ dominates over the contribution of the gapped ones.

In the homogeneous case the Green function may be
written as (x1,1|G|xa, ta) = G(t; — to, x — ). In order
to construct the topological invariants responsible for
the stability of Fermi points we may also use the Green
function of the reduced low energy theory
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Here p is momentum, ¢® are Pauli matrices, while
L

m®™, m, and m’ are the functions of momenta depend-
ing also on the field ®. The latter is assumed to be
slowly varying, so that the commutators [p,®] may
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be neglected. Then we compose the Fourier transform
G(Py, P1, Py, P3) of the Green function. We substitute
to G(Po, P1, P2, P3) the values Py = iw and P; = p; for
j =1,2,3. The first topological invariant is given by

— 1 —1
Ngfm/E Tr [G(w,p)dG (w,p) A
NdGg(w,p) A dGI_{l (w,p)|- (3)

Here X is the three-dimensional hypersurface surround-
ing the Fermi point in 4D momentum space (composed
of 3D momentum space and the axis of w = py).

In addition, we define

1
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The second topological invariant is defined as

3 _ 1 -1
5= 37402 /z Tr [GH(w,p)dGH (w,p) A
A dG g (w,p) AdGy (w,p)|. (5)

For the minimal values of N3 and NBEB) we classify
the Weyl points according to the following Table 1.

Table 1. Weyl fermions and values of topological invariants

Fermion type N3 NS(B)
Left-handed Weyl point +1 +1
Right-handed Weyl point -1 -1
Left-handed anti-Weyl point +1 -1
Right-handed anti-Weyl point -1 +1

In the systems with weak inhomogeneity as above
one may define the two topological invariants. We define
Wigner transformation of Green function G%,f,w) (p,x) =
= [d*z +7/2|G|z — r/2)e!Poro—Pr) Wick rotation we
introduce py = iw = 1Py, and P; = p; for j = 1,2,3;
zg = —iXy4, X; = z;, and denote the Euclidean
Wigner transformation of Green function: Gy (P, X) =
G%{y) (p, ). We also define Qy that obeys Qw *Gw = 1.
Here by % we denote the Moyal product

x = el
The first topological invariant is given by
1
Ny= oo X Tr |G (P, X) + dQw (P, X
8 3!47r2|V|/E/ w (P, X) o dQuw (P, X)
A dGyw (P, X) % AdQw (w, P, X)} . ()
|V] is the three-volume of the system. Here ¥ is the

three-dimensional hypersurface surrounding the singu-
larity M@ of expression standing inside the integral.
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The general procedure for the construction of such in-
variants has been proposed in [2]. In addition, we define

Quw = iw — Qw (P, X)|

and G w obeys

w=0

Quaw *Grw = 1.

Then the second topological invariant can be defined as
(3) 1 3 {

N;” = X Tr |Ggw(P,X 7

3 3!47T2|V|/2/ Hw (P, X) (7)

dQu.w (P, X) * AdGy.w (P, X) * AdQu.w (w, P, X)]

Thus we come to an unexpected conclusion: in gen-
eral case in multi-fermion systems with minimal values
of N3,N353) = +1 the emergent Weyl fermions appear
in four rather than two topologically different classes.
The appearance of anti-Weyl points with N3 = fNés)
has sense only in the presence of the conventional Weyl
fermions with N3 = NPEB). Without the latter R trans-
formation ¥ — —W, ¥ — ¥ brings Weyl fermions to
the type of “particles” with N3 = Nég). At the same
time if both types of Weyl fermions co-exist, the inter-
esting phenomena may occur. For example, a couple of
Weyl fermions (N3, Nés)) =(-1,-1) and (—1,+1) may
merge giving marginal Weyl point with (Ng,NéS)) =
= (—2,0). We gave an example of the lattice condensed
matter system, in which two right-handed Weyl points
exist. One of them is of the type of a Weyl point while
another one is of the type of the anti-Weyl point. Chang-
ing smoothly parameter « of the system it is possible to
bring it to the state, in which the Weyl point and the
anti-Weyl point merge giving the marginal Weyl point
with N3 = —2 and N{¥ = 0.

We would like to notice that the classification pre-
sented here may be relevant for the high energy physics
and applications of quantum field theory to cosmology
(see [3, 4] and references therein). Then the appearance
of the four (rather than two) topologically distinct types
of Weyl fermions may be assumed from the very be-
ginning. Such a construction may be relevant for the
proper theory of quantum gravity, which should include
the strong fluctuations of vierbein giving rise to all four
types of the Weyl points [4].
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