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CHayajia HallOMMHAETCs HOpMaJibHasi hopMa BOJIM3M CTAlIMOHAPHOTO PEIIEHUs] aBTOHOMHOI CUCTEMBbI
I'amuabTOHA. 3aTEM paccMaTpUBAIOTCS TMHEHHBIEC TIepruogndeckKre cucteMbl ['amunbroHa. JIist HUX Haxo-
ISITCSI HOpMaJibHble (hOpMbI (yHKIIMI ['aMUITBTOHA B KOMIUIEKCHOM M BELIEeCTBEHHOM ciydasix. OGHapy-
JKeHa crielimdurKa BelIeCTBEHHOTO cllydasl B CUTyalluM IMapaMeTpUIecKOro pe3oHaHca. 3aTeM HaXOmSITCsI
HopMaJibHbIe (POpMBI DYyHKIIMI [[aMUIbTOHA HEJTMHETHBIX MepUoanYecKuX cucteM. [TocpencTBoM nomos-
HUTEILHOTO KAHOHMYECKOTO Mpeobpa3oBaHMsI KOOPAMHAT TaKasi HopMaibHasi (hopMa BCETaa CBOIUTCS K
aBTOHOMHOI1 cucreme ['aMUJIBTOHA, KOTOpasi COXpaHsSIeT BCe MaJible TTapaMeTpbl U CUMMETPUU UCXOTHOM
cuctembl. Ee JTOKaJIbHBIM ceMeiicTBaM HEITOABMKHBIX TOYEK COOTBETCTBYIOT CeMENMCTBA MEPUOANIESCKUX
pelIeHU NCXOTHOM CUCTEMBI. AHAJIOTUYHAsI TEOPUSI CTPOUTCS BOJIM3U MEPUOINYECKOTO PelIeHNs] aBTO-
HOMHOI1 cucTeMbl. Bce mpeobpa3oBaHMs aTOPUTMUYHBI M MOTYT OBITh peaTu30BaHbI B CUCTEME KOMITbIO-

TEPHOI aJireOpHhl.

DOI: 10.31857/S0132347420020053

1. BBEAEHHME

Pe3onancHass HopManbHas ¢opMa aBTOHOMHOI
cucteMbl ['aMmIbTOHA BOJIM3M CTAIIMOHAPHOTO pe-
IIEHUSI, YYUTHIBAIOIIAsI TOJbKO COOCTBEHHBIE YHCIIA
MaTpullbl A ee JIMHEHOM YacTu 1 6e3 orpaHuYeHU
Ha 3Ty MaTtpuly A, Obuta BBeneHa B [1], § 12. Okaza-
JIOCh, UYTO OHA 9KBUBaJIeHTHa cucTeMe 'aMUIbTOHA C
MEHBIIINM YHCJIOM CTEIIEHEM CBOOOIHI.

Ilo3xke Obula BBedeHa clierka OoJjiee MpPoOCTas
CBEpXpEe30HAHCHAs HOopMaJibHast (opma, KoTopas
YYUTBIBajIa JKOPAAHOBEI KJIETKA HOPMaJIbHO1 (hOpMBI
MaTtpullbl A. Ho 3Th momnomHuTeNbHBIE YIIPOILICHUS
HE MO3BOJISUIN JOTIOJTHUTEIbHO MOHU3UTD YHUCIIO CTe-
reHeit cBoooabl [8].

Teopusi pe3oHaHCHOW HOpMalbHOU (OpPMBI MO-
JIpoOHO n3IoXeHa B L. | kauru [2], u 3mech oHa KpaTt-
KO HartoMuHaeTcs B pasneine 2. B 1. 11 kaurnm [2] mn3-
JIO)KeHa aHaJIoTU4YHasi Teopusl PEe30HAHCHOI HOop-
MajabHOM (OPMBI ST IIEPUOOUYECKOM CHUCTEMBI
I'amMunbroHa. OmHAKO TaM MMEIOTCS IBE HETOMEIKU:
TIOXO U3JIOXKEH CTyvyaii mapaMeTpuiecKoro pe3oHaH-
ca 1 HopMajbHas ¢hopMa He IIPUBOAUTCS K aBTOHOM-
HOIi cucTeMe. 31eCh UCIIPABIISIOTCS 3TU YIIYIICHUS B
pa3nenax 3 u 4 cooTBeTCTBeHHO. B paszaene 5 aTa Teo-
pusi IEpEeHOCUTCSI Ha OKPECTHOCThH IIEPUOINIECKOrO
pelleHrsI aBTOHOMHOI cucTteMbl I'aMmibToHa.

Bce onmucanHbie B paboTte mpeodpa3oBaHMsI HOCST
aJITOPUTMUYECKUI XapaKTep U MOTYT ObITh BITOJIHE
peayin30BaHbl B Pa3IMYHBIX CUCTEMaX KOMIIbIOTEP-
HOIi anredphl, KAK KOMMEpPUYECKUX, Harpumep, Wol -
fram Mathematica [9] unuMaplesoft Maple
[10], Tak 1 OTKpBITHIX, HampuMmep, SymPy [11] wiu
MathPartner [12].

2. HOPMAJIbHAA ®OPMA BBJIN3U
CTAIMOHAPHOI'O PEINIEHHMA

PaccmoTrpum cuctemy 'amuiabToHa
: 0 : 0
& j = _Y, n j= __Y,
an, d¢,

C 1 CTEICHSIMU CBOOOABI B OKPECTHOCTH HEOIBIIK-
HOM TOYKHU

i =(E.>19"'7§n)=09 n =(T|17--'7T|n) =0. (2)

Ecnu dynkuus FamunbroHa Y(€,1) aHaIUTUYHA B
9TOi TOUKE, TO OHA pa3jiaraeTcsl B CTENEHHOM psi

YEm) = Zqu&p q, (3)

rae p=(p,....Pp)> 4= (G- q,) € Z", p,q 20, &P =

=EgNER ..., TlockoabKy Touka (2) — HEOIBIIXK-
Hasl, TO pasjioXeHue (3) HauMHaeTCs C KBaapaThd-

j=1L1....n (1)
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HBIX 4JIeHOB. UM COOTBETCTBYET JIMHEIIHAs YaCTh CU-
cteMsl (1).

CoOcTBeHHBIE YMCIIa €€ MaTpUIBI pa30MBaIOTCS
Ha Mapsbl

Niw=-h;, Jj=1L..,n

J?

IMyctb A = (A, ..., A,). KaHOHMUYeCKME 3aMEHBI KOOP-
JUHAT

Enw - xy) 4)

COXpaHAIT raMUJIbTOHOBOCTb CUCTEMBI.

Teopema 1. Cywecmeyem kanonuueckoe ghopmans-
Hoe npeobpazosarue (4), npusodauee cucmemy (1) k
HOpMANbHOU popme

og . __Og

=== ) i=1,...,n, 5)
3, YV, J (

Xj
2de ps0

_ P, 4

g(Xa Y) - ngqx y
CO0ePIHCUM MOABKO PE3OHAHCHBIE YACHDL C (p -q, k) =0,a
Keadpamuunas yacms g,(X,y) umeem c60r HOPMAALHYIO
Gopmy (max umo mampuya AUHELIHOL YACMU CUCMEMDbL
SABAAEMCS 2AMUNBINOHOBbIM AHAN020M HCOPOAHOBOU HOP-
ManvHoU opmbt). 30ech <p, k) =pA t ...+ pA, — cka-

ASPHOE npoussedenue.

Ecnu A # 0, To HopMmasnbHas ¢opma (5) s3KBUBa-
JIEHTHA CUCTEME C MEHBIIIUM YUCJIOM CTeIleHeil CBO-
60bI U JOTIOTHUTEIbHBIMY NapamMeTpamu. [1pu Hop-

MaJIM3yIollleM IpeoOpa3oBaHUM (4) COXpaHSIOTCS
MaJible ITapaMeTphbl U JIMHEITHbIE aBTOMOP(U3MbI

&n - (&),

JlokanbHbIE cCEMENCTBA MEPUOANYECKUX PEILICHU M
cucteM (1), (5) ynoBAETBOPSIIOT CUCTEME YPaBHEHUIA

t >t

9% _ Ax.a 9% =Aya j=1..n,

=\xq,
9y; Y ox;
rae a — cBOOOAHBINI MapaMeTp.

J1s1 BemecTBeHHOIM McXoaHOM crucTteMBbl (1) Koag-
GbUIMEHTBI g,, KOMIUICKCHOW HOpMasibHOW (OpMbI
(5) yImOBJIETBOPSIIOT CHELUAIbHBIM COOTHOILICHUSIM
BEILIECTBEHHOCTH, 1 ITPU CTAHIAPTHON KAHOHUYECKOM
JIMHEWHOI 3aMeHe koopauHar (X,y) — (X,Y) cucre-
Ma (5) epexoauT B BEILIECTBEHHYIO CUCTEMY.

HMmMeeTcss HECKOMBKO CITOCOOOB BHIYUCIEHMS KO-
abduUIMeHTOB g, HopMaibHO dopMmsl (5). Hanbo-
Jiee TipocToit onucaH B KHUre XKypasnéna, [leTposa,
IyHneptoka [3].

3. HOPMAJIU3ALIUIA TUHEMHOU
CUCTEMbBbI TAMUJIBTOHA

3. 1. Jluneitnas cucmema
PaccMoTpuM JTUHEIHYIO CUCTEMY
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LK _ A, ©)
dy

rae Bektop & = (,,...,C,,), A(y) — maTpuua, aHaU-
TUYECKH 3aBUCsIIIast oT . [Tociie 3aMeHbl KOOPAWHAT

§ = B(y)z (7
cucrema (6) mepeiaeT B CUCTEMY
dz _ g (AB - d—BJ z ®)
ay dy
ITycth Temephb crcteMa (6) raMUIBTOHOBA:
d_ij:ﬂa di:_ﬂy jzla"'5n5 (9)
dy o, dy 0

re. m=2n, {=En)=CE,....E,Mp....M,), AW) =
= JI(y), rne I'(y) — cumMerpuueckasi MaTpuLa,

0 E
J :[ £ O"j 1 GyHkuwms Famuibrona y = %(C, C(y)5).
3neck E, — eIMHUYHAS # X n-MaTpuua u (-,-) — cKa-
JIIpHOE TIPOU3BEICHUE.

Ecnu npeobpazoBanue (7) KaHOHUYECKOE, T.€.

B (y)JB(y) = 8/, (10)

(3Be3n0YKka — CUMMBOJ TPAHCIOHWPOBAHUSI MaTpU-
11b1), TO cucTeMa (8) Takke raMMIbTOHOBA C (DYHKIIM-
et l'amuyibTOHA

O = const

1 1 dB \ 41
= —(z, B*T Bz) + —(z, B*J = ~(z,Gz), (11
g 28(1 Z>+28<Z d\IfZ> 2(2 ), (11)

T.e.G =8 'B*TB + 8 'B*JdB/dvy, z = (X,y).

Paccmotrpum teneps cuctemy I'amuiibToHa (9), B
koTopoii Marpuua A(Y) = JI'(y) umeer 1o y nepuon
2w, T.e. A(Y + 21) = A(y). [locpencTteom JMHEHHOI
KaHOHUYeCcKoI 3aMeHbl KoopauHart (7), (10) ¢ 2r-ne-
puonuyeckoi marpuueir B(y) mocrapaeMcd IIOJy-
YyUTh raMujabToHUaH (11) HauboJiee TPOCTOTO BUIA.
IMycTe Z(Vy) — pyHIaMeHTabHasA MaTpULA PELIEHUI
cuctemsl (6). Torna

Z(y +2m) = Z(Y)N,
rone N — nmocrosgHHas Matpuua, det N = 0. s cu-
cremMbl [aMMIbTOHA OHAa KAHOHUYECKAsI.

Ecnu mnst maTtpunel N CYIIeCTBYET IIpeacTaBIie-
13040

N =exp(2nJL), (12)

rne L — nocTtossHHasi cMMMeTpUYecKkasl MaTpulia, To,
cornacto § 1 . Il kuurm [2], L = B'GB,, tne B, —
MOCTOSTHHAsl KaHOHMYecKasi Marpulia U G — HoOp-
MaJjibHast ¢hopMa matpuubl L. Takum obpa3zoMm, mpe-
oOpazoBanue (7) ¢

B(Y) = Z(y) exp(-yJG)
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npuBoauT cucteMy l'amuibToHa (9) K HOpMAaJIbHOIM
dopme
dz

= JGz,
dy

G = const, (13)
¢ dynkumeii FamuibToHa g = %(z, Gz). OnHaKo mpesi-
crapiieHue (12) uMeeTcst He [JIsl BCIKON KaHOHUYeCKOi
MaTpulbl N (cM. BuibsiMcoH [4]).

ITyctp vy,...,V,, — COOCTBEHHBIE YMCJIA KAHOHU-
geckoi Matpuiibl N . Bmecrte ¢ unciom v; = b cpenn

-1
HUX ecTb nuuciao b . bonee TOIO, 9JICMECHTAPHLbIC O€-

JIATEI MaTpubl VE — N 0071amafoT CAeayIoInMn
CBOIiCTBaMMU:

* ecnu b # 1 1 UMeeTCs pPOBHO k 3JIeMEHTapHbBIX
Ienurtenei (v — b)l, TO UMEETCSI POBHO k 3JeMeHTap-
HBIX fesuTereit (v — b7 ;

* ecqv b = £1 u / HeyeTHO, TO 3JIEeMEHTapHBI Ae-

1
JUTeNb (V — b) BCTpeYyaeTcs YETHOE YMCIIO pas.

3.2. Komnaexcnas Hopmanvnas gpopma

Mg koMmIuieKcHo#t cuctembl (6) matpuna N —
KOMIIJIEKCHasl. HerI/IBOLlI/IMbIC Haa II0JIEM KOM-
rureKcHbIX ynces C sjeMeHTapHbIe IeIUTETA MaTpU-

bl VE — N OTHOCSTCS K OMHOMY U3 CIIEAYIOLINX Ye-
TBIpEX CIy4YaeB:

ChHv=bu->b",b=#=+l;
C2) (v—b) u(v—b),b==1,[— HeueTHoe;
C3) (v-1;

C4) (v +1)7.

IMocpencTBOM MOCTOSSHHOIT KAHOHUYECKOI 3aMe-
Hbl KoopauHat { matpuuy ['(y) MOXHO NMPUBECTU K
TakoMy OJIOUHOMY BUIY, YTO KaXIOMY U3 IepeyrcC-
JICHHBIX CJTy4aeB OTBeUaeT CBOSI YeTBepKa OJIOKOB MO-
pgaxa [, a BHe OJIOKOB CcToIT HyIU. [1oaToMy nocra-
TOYHO PacCMOTpPeTh KaXIblii M3 STUX CIIy4acB B
MPENOI0XEeHUN [ = n.

B cnyyasx C1)—C3) cymecTByeT npeacTaBicHUe
(12); opu 3TOM 3jeMeHTapHble Aeautean (A — a)/

marpuiibl AE — JL otHOCcsiTes K caydasm C1)—C3) .
1.6 . I xuurm [2], roe

-1

a=—Lnb= L1n|b| +Largb+im
21

21 2
U m — JII000€ LIEJI0E YUCIIO;, a UMEHHO:

» B ciygae Cl)
G 0 C*
\c o)

roe C — >xopaaHoBa KJIeTKa nmopsinka /:

a00..000
€a0..000
00e..000]|,
000..€a0
000..0¢€a

T.C.

! I-1
& =az xjyj+gz X;Yjt15 (14)
= =

* ciyyaii C2) ¢ b =1 oTHocuTcH K ciyvato C1) [2]
ca=im;
» ciay4aii C2) ¢ b = —1 oTHocuTcs K ciydato Cl)

2 =1 +L.‘
[2]ca =im >

* B ciaydae C3)
G- 0 C*
\CoA)
rae C — XxopaaHoBa KjieTka nopsinkal/ca = 0,6 = £1

1 auaroHajabHast MaTpuna A = {1,0,...,0}, T.c.

I-1

1 _2

& = szjyjﬂ +EGJ71 ;
—

J

(15)

» B ciiydyae C4) npencrasieHust (12) HeT, U KOM-
TUIEKCHAasi HopMaJibHas hopma

9z _ 16y
dy

nMeeT

0 c*

C oAe"

’

rme C — >XopmaHOBa KJIeTKa Topsinka / ¢ a = im + %,
o ==*1[5], Te.

! -1
1 i
& :aijyj+Eijyj+l+§Gy12e‘“. (16)
=1 j=1

J J
Paccmotpum teneps ynBoeHHbIe cirydau C3) u C4).

C3%*) JIByM dJjieME@HTapHbIM IeJUTENIM (V — 1)2/' u

e
v-1 " MOXHO TOCTaBHTb B COOTBETCTBHE HOD-
MaibHy10 hopmy (13) caydast C2) ¢ a = im v pou3s-
BOJILHBIM LI€JIBIM m (TOJBKO Terepb / = 2/' — 4YeTHO).

C4*) JIByM aieMeHTapHbIM AeaUTENSIM (V + 1)2/ u
v+ 1)2' MOXHO IIOCTaBUTb B COOTBETCTBUE HOP-
MasbHy10 hopMmy ciaydasi Cl) ¢

a=Qn " 'Lo(-1) = im+ 5

MMPOTPAMMUWPOBAHUE Ne2 2020
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HMrak, mocpeacTBoM KOMILIEKCHOM 3aMeHEI (7),
rae B(y) — KaHOHMYeCKas 27-IepuoandecKasl Mat-
puua, ucxogHast ¢GpyHKuUMsI [aMuabTOHA

v=§gnw9

MIPUBOIUTCS K HOPMaJabHOI (opMe, SIBISIOIIEICS
cymmoii dpopMm Buma (14), (15), (16). OHa sBRAsIETCS
MOCTOSSHHOM, €CJAM KaXXOblii 3JIEMEHTApHbIN OEIu-

Tenb BUna (v + 1)21 BCTPEYAETCS YETHOE YMCIIO pa3
Cpeau 3JeMEHTAPHBIX JeJaUTeNIeid MaTpulibl VE — N.
BunbsimMmcoH [4] noka3ai, 4TO 3TO YCJIOBUE HE TOJbKO
JIOCTaTOYHO, HO M HEOOXOAUMO JISI KOMILJIEKCHOM
MIPUBOINMOCTH.

3.3. Beujecmeennuie cucmembt

is1 BeliecTBeHHOM cucTeMbl (9) Mmatpuiia N sIBIsI-
eTcsl BelllecTBeHHOI. [1oaToMy 371eMeHTapHbBIE AC/INTE-
a1 Matpullel VE — N 001agaloT CICIyIOIIMMU CBOM-

ctBamu. [1yCTb /IeMEHTapHBII neTuTeNb (V — b) nme-
€TCs TOYHO k pa3.
* Ecimi gucio b komruiekcHoe, T.e. Reb - Imb # 0,
u |b#1, To onemeHTapHble Ienutenu (v —b),
v—=>b" u(v->b" Takxke umerorcst TouHO k pas.
 Eciu 4ncio b BeniecTBEHHOE WU €AMHUYHOIO
monysisi, b # £1, 10 (v — b)) nmMeercst TouHo k pas.

e Ecnu b = £1 u [ HeyeTHO, TO kK HOJXKHO OBbITh
YETHBIM.

3,I[CCB qyepTa CBEPXY O3HAYACT KOMIIUJIEKCHOEC CO-
TIPAKCHUC.

HOBTOMY QJIEMCHTApHbIC OCJINTCIN MaTpHILIbI
VvE — N oTHOCATCS K OJHOMY M3 CJICAYIOIITMX BOCbMH
cJIyJyaes:

Rl) (v-b)(v=b) u (v-b"Yw-b", beC,
Reb-Imb # 0, |b] # 1;

R)(v=b)u(v->0"Y,beR,5>0,b#1;
R3) (v-0) (v=0),|p|=1,b = *I;

R4 (v-1'u (v - 1)[, | — HEYeTHO;
R5) (v - 1*;

R6) (v +1) u (v +1), / — HeueTHO;
RN(v-buv->b",beR,b<0,b=-1;

2
R8) (v+1)~.
ITocpencTBoM BellleCTBEHHOM MOCTOSTHHOM KaHO-

HUYECKOM 3aMEHbI KOOpAMHAT MarpuLy I'(y) MOXHO

MIPUBECTU K TAKOMY OJIOYHOMY BUIY, UTO KaXKIOMY 13

MEPEYMCIIEHHBIX CITy4YaeB OTBEYAET CBOSI IpyIina 0J1o-

KOB, a BHE 3TUX OJIOKOB CTOSIT HyJU. [ToaToMy nocra-

TOYHO PAacCMOTPETh KaXIblii U3 3TUX CIy4YaeB B
IMTPOITPAMMMWPOBAHUE

Ne2 2020

MPEAnoaoXeHU, YTO OH MCUYEPIIbIBAeT MaTpully N.
B cnyuasix R1)—R7) cymiectByer npeacrasiieHue (12)
C BEIIECTBEHHOI MaTpUIIei L; mpu 3TOM 3jieMeHTap-

ueie gesurenn (A — a)’ Matpuisl AE — JL OTHOCSTCS
K ciiydasim R1)—RS5) . 1. B 1. I kauru [2] coorBet-
CTBEHHO, TJe

1

a=—0Lnb lenb+im.

21 21
ITpu aTOM yncio Inb 0OMHO3HAYHO OIpeAessieTCsl Mo
b, a 11e710€ YU CI0 m HAIO BHIYUCIISIT JOMOJTHUTEIbHO
clIelyIolIuM 00pa3oMm.

Boruucisiercs: o6oe peiienue {() TuHEHHOR
rojcucTeMbl Buaa (6), OTHOCSIIENCS K OMHOMY U3
ciiygaeB R1)—R7). KonnyecTBo KojiebaHMii KaXXmoid
U3 €ro KOOPAMHAT Ha Mepuojie 27t — 3TO U €CTb YUCIIO
m. Eciu chnenaTh NOMOJHUTEbHOE KaHOHWYECKOE
npeoopa3oBaHUe

X; = x; exp(—imy),
.)7] = yj eXp(im‘If)a ] = 17"'315

TO TIOJNYYMM COOCTBeHHOe 4uciio A : 0 <ImA <1.
IIpu stoMm B caydasx R3) u R5) umeercs momomHu-
TEJIbHBIN BEIIECTBEHHbII MHBAPUAHT G = *1.

Hrak, B ciiyyasix R1)—R7) nmeercs mocTtossHHast
KOMIUTIEKCHAsI HOpMasTbHast hopMa raMuIbTOHUAHA

& = %<Z5 Gz>a

KOoTopasd nepeBOAUTCA B BCIICCTBCHHYIO HOpMaJb-
HYIO hopMy

f=5(2.12)

C MOMOLIbIO CTAHAAPTHOI0O KaHOHMYECKOI'O l'IpCO6—
pa3oBaHUA

Z =0z, detQ=1.
I1pu 3TOM MoACTaHOBKA
Z = Pz,

rae 2n-mMarpuna P = Q_'Q, COXpaHsIeT TAMUJIBTOHU -
aH. KonkpetHblit Bun Matpuil Q u P 17151 Kaxknoro us
ciiygaeB R1)—R7) onmucan B rinase | kauru [2]. Tak, B
ciyyasix R2)—R7) nu6o

yj:Yj:)_}ja
amndo

1 .. _
Xj = E(’Xj -Y) =i,

1
Yi =7
V2i
Teopema 2. KomnaekcHas 3anucb 6eujecmeeHHol

HopmanvHoll popmbt 6 cayuae R8) — amo cucmema (16)
¢ MaKum cmaHoapmusim npeodpa3o0eaHuem:

(18)

(X, +Y)=ix;, j=L..,L
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X, = %{Xjn +ie ™= Yli+e V],
i | (19)
v, = —l_{Xj[i — "]+ Y[-1+ie"]}.
3decw X, = ixjei“', y; = —iyjef"‘", € =i, 0=%4i,] =
=1..,1.
Torma

G(y) = G(y)
Y TaMUJIBTOHMAH HOPMaTbHOM (hopMEI (16) nmeeT BU

/ -1
& = x’zxjyj + izxjyjﬂ *
= =)

£ LI 48 4 O = ¥D)siny - 207 cos v

4. HEJIMHEMHAS HOPMAJIbHASI ®OPMA
4.1. Heauneiinas nopmarusayus

PaccMmoTpum cuctemy I'aMuiabTOHA C 1 CTEMICHSI-
MU CBOOOIIBI

dg; dan;
i:ﬂ’ i: i j=17"'7n7
dy am; dy 9

TI€e Y — CTENEHHOM pAl 1o &, N ¢ 2N -NePUOIAYECKNU-

MM 110 Y KOo3hdULIMEHTAMU, KOTOPBIN pasiaraercs B
cxonsumiics psn Ilyaccona

Y= Younln'e™,

HAYMHAIOIIMIACS ¢ KBaAPaTUYHBIX YIEHOB g, O &, 1.

CroenaeM JIMHEWHOE KaHOHWYECKOE ITpeoOpa3o-
BaHue &, 1 — X,y, KOTOpoe 2T-IIEPUOIUYHO 10 Y U
MPUBOAUT KBaAPATUUHYIO YaCTh TaMUJIBTOHUAHA CU-
creMbl (20) K KOMIUIEKCHOII HOpMaJIbHOI (hopMe,
aBlstioleiics cymmoii vyacteit Buna (14), (15), (16).
Torna Ha r1aBHOI AMaroHaau MaTpullbl JG CTOSIT ee
COOCTBEHHBIE YMCNA A,,...,A,,—A,...,—A,. OO0O3HA-
quM A = (A, ..., A,). FamubTOHMaH (21) mpuMeT BUL

(22)

_ 9y (20)

21)

P 4q imy

g, W) = D gyuX"y'e
Ha3zoBeMm ero HopMaJibHOIT OpMOIL, eclin

1) ero dopma g, siBisIeTCS HOpMaibHOI hopMoit
(14), (15), (16),

2) B pasjnoxeHuu (21) MMeIoTCs TOJBKO pPe30-
HaHCHBIC YIEHBI, IUISI KOTOPBIX

(p—q,))+im=0. (23)

3mech (-, ) — CKaIsIPHOE MPON3BEICHME.

Teopema 3. /l1sa ecamusemonuana (22) cyumecmayem
gopmanvhas KaHoOHUUeCKas 3ameHa KoopouHam X, 'Y,

v > uv,o:

= (Xa Y) =W+ b(W, (P), W = (p + b2n+1(w9 (p)’

2m-nepuoduueckas no O, Komopas nepesooum 2amunb-
monuat (22) 6 HopmanvHyr Gopmy

h(a,v, Q) = Z:hpqmupvq exp(im)
co ceoticmeom (23).
JoxkazarenbcTBO cM. B 1. | m 11 xaurm [2].
Teopema 4. Kanonuuecxoe npeobpasosanue u; =
= d,exp(—=iImA ), v; =V, exp(iImA,9), j=1,..,n,
npueooum HopmanvHyio gopmy eamusvmonuana (24) k
NOCMOAHHOMY CIEeNneHHOMY POy

A, 9)) " fyg, 0V,

(24)

(25)
rae

(p-aqRer)=0, (p—qlmhy=-m  (26)

p, q, m — yeaouucaenust, p,q = 0. Ilpu smom qum =

= hygms> €cau ||p|| + ||q|| > 3, Kkeadpamuumbie 4neHvl UMe-
rom 6uo

o, 9) = %(w, GW),

20e mampuya JG = JG — ImA ¢ duaconanvhoii mam-
puyei A ={\,—\}, u noumu omcymcmeyrom Keaopa-
muuHvle unenvt no (I, V) = w.

oxa3zaTeabcTBO CBOAUTCS K MPOBEPKE PAaBEHCTBA
(10), koropoe 31ech oueBUIHO. 31ech [p| =p, + p, +
+...+p,.

st UICXOMHOTO BEIIECTBEHHOIO TaMUJIbTOHMAHA
(21) KOMILUIEKCHBIE KOOPAMHATHI Z CBSI3aHBI C BEIlle-
cTBeHHbIMU KoopauHatamu Z = (X, Y) ctaHgapTHbIM
nmpeoObpa3oBaHUEM, cOCTosIIUM U3 3aMeH (17), (18),
(19), a KoopaMHATBl W M W CBSI3aHbI 9THM Xe ITpeoopa-
30BaHUEM C COOTBETCTBYIOIIMMU BeElIECTBEHHbBIMU
xoopauHatamu W u W [2].

Takum o6pa3zoM, IIPUXOAUM K aBTOHOMHOII CH-
cteMe 'aMuIbTOHA € # CTENEHSIMU CBOOOIHI.

4.2. Manvie napamempoi

ITycTh MCXOMHBIM rTaMWIBTOHWAH Pa3/araeTcs B CTe-
TIEHHOM pAL IO MaIbIM IapameTpaMm B = (Ui,..., ).
ITo Teopeme 5.1 . I kHurM [2] mIpu HOpMAJIU3YIO-
IeM npeodpa3oBaHUU MaJjible apaMeTpPhl HE MEHSI-
1orcs. IToaToMy mojiydaeM aBTOHOMHBII TaMHWIBTO-
HuaH (25), (26), roe Ko3hHULEHTHI ﬁp,q,m CYyTb CTe-
MEHHBIE PSIABI 10 MajbIiM napaMerpam p. Ilpu p =0
o1 KoadduumeHTs ¢ [p| + |g] = 1 paBusI HyI0, a ¢

||p|| + ||q|| = 2 cootBeTcTBYIOT (23). Ho mipu p # 0 310
He 00s13aTeIbHO.

st cucTeMBbl, COOTBETCTBYIOIICH TaMUJIbTOHMA-
Hy (25), (26), MOXHO BBIYKCJIUTH CEMENCTBA HEITO-
JIBVMXKHBIX TOYEK BOM3M TOUKU il = V = 0, p = 0. D10
JIeJIaeTCsl C MOMOIIBIO CTEINIEHHON! TeoMeTpuu (KHUTA
[6]). UM COOTBETCTBYIOT CEMENCTBA IIEPUOTUYECKUX
IMTPOTPAMMMWPOBAHUE
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pEIICHNT MCXOOHOM IepMOINYecKOM cucTteMbl [a-
MUJIbTOHa. BooO11ie ykopoueHust hpyHKIuu I'aMuib-
TOHaA U CUCTEMBbI 'aMUJIbTOHA U3y4YeHHI B IJ1. IV KHU-
ru [6]. OHu He Bcerza coBnagaior. IIpuMepnl TaKux
BBIUYMCJICHUM cM. B [7].

4.3. Jluneiinvle KanHoHU4ecKue aemomophusmol

Ilycth ucxomHast cucrema (20) obamaeT JUHER-
HBIM KaHOHYECKNM aBTOMOPGHU3MOM
= ME, =y,
rae M — nmoctostHHast Matpuua 2n X 2n u 6 = const.
CornacHo Teopeme 2.3 . | kHurm [2] npuBeaeHHast
HopMaibHast popMma (25), (26) Takke 00J1amaeT COOT-
BETCTBYIOIIUM JIMHEMHBIM KAHOHUYECKUM aBTOMOP-
¢usmom. Brmpouem, oHa MOXET MMEThb TOMOJIHU-
TeJbHbIE aBTOMOP(H3MBI, KOTOPBIC HE MMEIOT COOT-
BETCTBUS B UCXOJTHOI cHCTEeMe.

5. HOPMAJIbHAAl ®OPMA B OKPECTHOCTHA
NMEPUOINYECKOI'O PEIHIEHUWA

5. 1. JlokanwbHole Koopounamol

I1ycTh BemiecTBeHHAST (DYHKIINS ?(?,, 1]) aHAIUTHY -

Ha B HEKOTOPOI o06yiacT 6 BelIeCTBEHHOIO IMpPO-

2n+2
crpaHcTBa R

% = (&19""&n+1)a ﬁ = (ﬁl""ﬂﬁn-%—l)'

Torga yepes KaxKayo TOYKY 00J1acTh € IPOXOIUT
oIHa TpaeKTopu4 (oHa Xe pemeHue) E(z), n(r) cucre-
MBI 'aMuIbTOHA.

C KOOpaAnHaTaMu1

g _ 87 s 87 .
‘taj_aT’ nj__aT’ ./_1""
m; S

TpaekTopun 00pa3yioT pa3oBOe IMIPOCTPAHCTBO ITOM
cucteMsbl. Ilycth y cucteMsl (27) ecTh IEpUOINYECKOE
pemenue JM < 6 ¢ mepuomom T = T'(M). B mampHeii-
meM mod U OygeM IMOHMMATh JOCTATOYHO MAaJyio
okpecTHOCTh pemeHusTA, U < €. B okpectHoCcTH U
CYILIECTBYIOT Takue aHajquTudyeckue (GpyHkuuu & =

= (&17'”7&}1)’ n= (Th,"'aﬂn)’ P, y oT &.o f], q9To

1) tpaektopusi Jl ompenensieTcsa paBEeHCTBAMU
C=n=0,p=0;

2) GyHKUUS \J SIBIISIETCS LMKINYECKOM (YIIIOBOIA)
no mod 2m;

(27)

3) okpecTHOCTh 9 SIBIIsSIETCSI KOCHIM TTPOU3BEe-
HueM (2n + 1)-MepHOro mapa Ha uuki \J € [0, 27);

4) KoopaMHaTHI &, p U 1N, Y ABJISIOTCHI KAHOHUYE-

CKHM COITPSDKEHHBIMM, TaK YTO B OKpecTHOCTH U cu-
creMa (27) B 3TMX KOOpAMHATaX raMUJIBTOHOBA:
IMTPOITPAMMMWPOBAHUE

Ne2 2020

_9v

: ay ; .
&':_’ n: H lea"'ana
J anj J agl (28)
p_ﬂ \i;:_a_y
oy’ op

FaMunbTOHMAH Y B OKpecTHOCTH A SIBIIsIETCST 2T-
MIEPUOINYECKUM MO Y M PA3JIaracTcs B CXONSILIUICS
psn Teiinopa

Y= 2t (WEY
rae uenouucieHHele p=0, q =0,

(29)
[20, & =
=& ---&,", ananuTdecKue GyHKUNHN Y, () IMEIOT
o \y mepuon 21 1 pasnaraiorces B psinsl Oypbe. [To-

CKOJIbKY Ha peleHun Jl nMmeeM é, =0,1=0,p=0,
TO Ha I cucrema (28) mprHUMAET BUI

O = YO%O(W): 0 = Ye,OO(W): ] = 15"'7”7 (30)
d .
0= =y (), 31)
dy

e e; — j-i eIMHUYHBII BEKTOP. W3 (31), ByacTHO-
CTH, CIIEAYET, YTO Y;0o(W) = const. Tak Kak raMUJIbTO-
HMAaH MOXHO 3a7aBaTh C TOYHOCTBIO O TOCTOSTHHOTO
CJ1araeMoro, MOJIOXUM Yyoo = 0.
IMockonbKy Jl — neproanveckoe pelleHre, TO Ha HeM
HET HEMOIBIKHBIX TOYEK; CIEHOBATENILHO, Yoo, (W) # 0
1

Mpu BelecTBeHHBIX . [TycTh T cpeaHee 3Hade-
0
1
HUe QYHKUIUU , TOoTIa
Yoo (W)
Mo _ 1+ i(am cos mys + b, sin my).
Yoo1 (W) =l
IMonoxum
Aod
gy) = | ==
'[ Yo01(W)

- '
=Y+ Z—(am sin myf — b,, cos my)
m=1 m
U cllelaeéM KaHOHUYECKYIO 3aMEHY

= _ Yoo (W)
p »
Torna Ha .l ypaBHeHMe Wi  eCTb J = —A,, T.€.

= —At + const. ITockonbky Al — mepuonnueckoe
pemenue ¢ nepuogom 7, a Jy uMmeeT nepuon 27, TO

P, U =gy (32)

Ay = 2775 , TIe 3HaueHue 7 MOXeET ObITh JIIOOOro 3HaKa.

B nanpHeitmem OyaeM cuuTaTh, UTO Ipeodpa3oBa-
Hue (32) yxe choenaHo, U OyaeM OMyCKaThb TUJIbIbI
Hazg p 1 . Eciu Teneps pa3noXuTb TaMUIbTOHUAH Y
B psan Buzaa (29), roe BMECTO P U Y CTOSIT P U/, TO,
omyckasi TWibabl, BMecTo (31) mojiyduM paBeHCTBa
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Yooo(W) =0,  —Yo01 (W) = 2—71: (33)

T

HTak, ornpeneieHbI CBOOOIHBIN 1 TMHEHHBINA YICHBI
pazinoxeHus (29).

5.2. Jluneiinas nopmaauzayus

IIycte § =(§, ). Ona pasnoxenHust (29) udepes
Y (6, p, W) OyaeM o603HA4YaTb OAHOPOAHYIO (GOpPMY
o { mopsinka k , conepxatiyio p TOJIbKO B BUAE MHO-
xwurens p'. CormacHo (30) u (33), B raMUJIBTOHUAHE
(29) wieHbl HAUMEHBIIIETO MOPSIAKA CYTh

Y20 T Yo1 = 2?7[(% <§’ F(\II)Q - p)-

ITycts mpeobpazoBaHue (7) KAHOHUYECKOE B KO-
opauHarax {, T.e. yaioBieTBopsieT paBeHCTBY (10); ec-
JIM OOHOBPEMEHHO C HUM CJeJIaTh IIpeodpa3oBaHUE

(34)

-1 dB
=85 -L{z,B7%L2), y=v,
p =25 2<z d\uz> y=y

TO TIOJYYUMM KOMILUIEKCHYIO HOpPMajbHYIO (hopMy
(em. (15)):

&0 t 8 = %(%(Z, Gz) — 5), G =const.  (35)

I1pu 5TOM Ha IJIaBHOM TuaroHasu MaTpuiibl JG CTOST
ee COOCTBEHHBIC YMCIA Ay, ..., Ay —A 5 ooy =N,

5.3. Heauneiinas Hopmanuzayus
B pesynbTaTte KaHOHUYecKoit 3aMeHblI (7), (34) ra-
MwibTOHUAH (29) npumer Bun gX, y, §,y) =
=& Y&, n,p, ). Pasnoxum ero B psin Ilyaccona c
z=(Xy)

P4 ./ imy

ZXY.50) = Do X"y 5 (36)
9TOT pAa CXOOUTCA a6COJ'HOTHO JJIA JOCTATOYHO Ma-
JIBIX |x Ky Im\|J|.

Tenepp OymeM WcKaTh HamboJjiee IIPOCTOM ra-
MWIBTOHHAH

(U, v, 7, 0) = hyy + hyy + D B0V 7™, (37)

K KOTOPOMY IIPUBOIUTCI TaMWIbTOHUAH (36) 1mo-
CpenCcTBOM HeJIMHEHHOI KaHOHUYECKOI 3aMeHBI KO-
OpAVIHAT X,Y, §, Y — W,V, 7, Q:

9y9 b

Z=w+ b(w,7,0),
§=F+ by, (W,F,0),
Y =@+ by, n(W, F, Q)
rae w = (u,v).

(38)

[MycTb dopma g, + g, ecTb (36). Toraa Ha rIaBHOIM
JIraroHaayd MaTpuiibl JG' CTOSIT €€ COOCTBEHHBIE YKcia
AseeesNps =My, —A,. OGO3HAUMM A = (A,,...,A,). Ta-

MIUTbTOHUAH (38) Ha30BEM KOMHAEKCHOI HOPMAALHO
¢opmoii, ecnu:

1) ero dopma hy + Ay, ABIAETCI HOPMAIBHOM
dopmoii (35);
2) B paznoxeHuu (37) MMEIOTCS TOJBKO TaKue
YJIeHbI, 1151 KOTOPBIX
(p—q,))+im=0.

Teopema 5 ([2]). s eamurvmonuana (36) cyue-
cmgyem ghopmanvroe npeodpazosarue (38) Kk Hopmanb-
Hoit chopme (37).

5.4. Ilpusedennas HopmanvHas gpopma

Teopema 6. Kanonuuecxoe npeobpasoeanue u; =
= d,exp(—ilmA ), v; =7V, exp(ilmA,@), j=1,.,n,
npueooum Hopmaavhyio gopmy camusemonuana (37) k
NOCMOSIHHOMY CIeNneHHOMY P50y

h@,9,7) = D b7, (39)
(p—q.,Rer) =0, (p—gq,Imh)=-m, (40)
p,q [, m — uerouucaennv, p,q,l =>0. Ilpu smom

ﬁpq,m = Myqim»> €CAU ||p|| + ||q|| > 3, keadpamuuHbie 4NeHbl
umerom euo

~ ~ 2n(l jo Aa\ =

hyo + hyy = 7(§< ,GW> - ”),
20e mampuya JG = JG —iIlm A ¢ duaeonanshoii mam-
puuei A = {A,—\} u noumu omcymcmaeyrom keadpamu4-
Hote uaenst no (1,V) = w. 3decs [p| =p, + p, + = +p,.

TakuMm oOGpa3om, NMPUXOIUM K aBTOHOMHOM CH-
creme 'amunbroHa (39), (40) ¢ n cTeneHsiMu cBOOO-
IIBI, IBYMSI TOTIOTHUTEIbHBIMU YPaBHEHUSMH

oh _ 0, ¢= _8_@ 41)
oL} oF

U TOMOJTHUTEIbHBIM MaJIbIM [IApAMETPOM 7 , KOTO-
pPYIO Hazoeem npusedeHHol HopmanvHoil gpopmoti. OHA
MO3BOJISIET U3y4YaTh OUMYpPKALIUM CEMEUCTB MePUO-
Iudyeckux pereHuid cucteMbl (20) B OKPECTHOCTU
PE30HAHCHOTO MEPUOINYECKOTO PEILICHMUSI.

F=

11 “ICXOOHOTO BEIECTBEHHOTO raMUJIbTOHWAaHA
(29) KoMIIEKCHBIE KOOPAMHATHI Z CBSI3aHBI C Bellle-
CcTBeHHbIMM KoopauHatamu Z = (X,Y) craHpmapt-
HbIM ITpeodpa3zoBaHueM (17)—(19), a KoopauHaTHl W
1 W CBSI3aHBI 9TUM X IIpeoOpa30BaHNEM C COOTBET-
CTBYIOIIIMMM BEIIECTBEHHBIMU KoopauHaTamMu W u

W. KoopauHarel 7 1 () BELIECTBEHHBI.

Jpyrue CcBOMCTBAa HOPMBEACHHOU HOPMAaJbHOM
¢dopMbI (COXpaHEHME MaJIbIX MapaMeTPOB U JIMHEI-
HBIX aBTOMOP(U3MOB) aHAJIOTMYHBI TAKUM XK€ CBOI-
CTBaM HOpMaJibHOI1 (popMEI (38), omMcaHHBIM B IIII.
2.I'm 2. ] rmmaBs! 11 xaurn [2].

IMPOTPAMMMWPOBAHUE
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5.5. Ilonuxcenue uucaa cmeneneii c6o600bi
IIycth k — 4mciio TMHEHO HEe3aBUCUMBIX pellle-

Huil p € Z" cucteMbl ypaBHEHMIA
(p,Rer)=0, (p,ImA)=0.

Torna npuBeneHHass HopMasibHast opma (38)—(41)
KaHOHUYECKUM MPeoOopa3oBaHUEM CBOAMTCS K aBTO-
HOMHOM cucteMme ['aMunbTOHa ¢ k + 1 cTerneHblo CBO-
6o1abl U ¢ n— k TTapaMeTpaMu corjiacHo § 3 rnaBbl [
KHUTH [2].

5.6. JlokanvHble cemelicmea HenoOBUICHbIX MOUEK

31ech CIipaBelJIMBO BCE, UTO OBLJIO CKa3aHO B KOH-
e moapasmena 4.2, TOJbKO HAIO YYUTHIBATh ellle
OJIVH MaJlblii mapaMeTp.
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