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IMAGE NORMALIZATION
Images of the same object of some visual scene dif-

fer significantly under different capturing conditions.
It is obvious, for example, that images can differ radi-
cally when using image-forming optical systems (here-
inafter referred to as cameras) of different spectral
ranges (see Fig. 1).

Note that even if the spectral ranges of cameras are
perfectly matching, the captured images can differ due
to the divergence in their sensitivity spectra (see Fig. 2).

Images can also vary greatly when using the same
camera with different camera settings (focus, aperture,
color-correction). When using the same camera with
fixed settings, the lighting of the scene (see Fig. 3 and
4), the angle of shooting the object (see Fig. 5) and the
optical properties of the environment (see Fig. 6) have
a fundamental influence on the resulting image.

The dependence of images on the capturing condi-
tions significantly complicates the analysis of the for-
mer. Therefore, when capturing conditions can be
controlled, they, as a rule, are chosen to be convenient
for the subsequent analysis of the resulting images (for
example, a scanner is usually used for documents im-
age-forming) - such conditions are usually called nor-
mal. For a f lat object, an important aspect of normal
imaging conditions is usually the orthogonality of the

camera optical axis to the plane of the object (Rodrí-
guez-Piñeiro et al., 2011; Kholopov, 2017). However,
the imaging conditions control may be technically dif-
ficult (see examples in (Nikolaev et al., 2016; Gladkov
et al., 2017)), or impossible. In such cases, it is neces-
sary to solve the normalization problem, i.e., to trans-
form the image in such a way as if it was obtained un-
der normal imaging conditions (see examples in Fig. 5
and 6). The initial (input) image transformed in this
way is called a normalized image (see formulas (2) and
(3)) (Murygin, 2010), and the imaginary camera
which could have captured this normalized image is
called a virtual camera (Kholopov, 2017).

In the literature, usually one of two special cases of
image normalization is considered. In order to de-
scribe them, we will consider the image I, as a func-
tion:

(1)

where  is the domain of image,  is codomain
of image. Then, in the first case, the normalization is
performed by transformation in the independent vari-
ables domain of images (see Fig. 5):

(2)
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and in the second case, in images values domain (see
Fig. 6):

(3)

We will call these types of normalizations geometric
(Chen et al., 2002; Chekhlov and Ablameiko, 2004;
Singh et al., 2008; Zeynalov et al., 2009), and color
normalizations (Finlayson et al., 1995; Iyatomi et al.,
2010; Gong et al., 2019; Kordecki, 2019) respectively.
Note that formulas (2) and (3), in general, may not be
sufficient to specify  at each point . For ex-
ample, in Fig. 5(d), the undefined region of the image

 by formula (2) is shown by squares.
Active research on the topic of geometric normal-

ization of images began with the work (Huttenlocher

∈norm c input norm( ) = H ( ( )), .I Ir r r D

normI normD

normI

et al., 1993) by D. Huttenlocher published in 1993.
The term normalization in the described sense was
used by E. Blake for the first time in 1994 (Sinclair and
Blake, 1994), but it is not widely used in English-lan-
guage literature. In Russian works on image analysis,
the term normalization was introduced by V.A. Gorok-
hovatsky in 1997 (Triputen’ and Gorokhovatskii,
1997) and it is now generally accepted (Putyatin et al.,
1998; Lyubchenko and Putyatin, 2002; Chekhlov and
Ablameiko, 2004; Vanichev, 2007; Kozlov et al., 2009;
Bolotova et al., 2017). The term color image normaliza-
tion was introduced by G. Finlayson (Finlayson et al.,
1998). However, research on this topic began much
earlier, for example, in the fundamental work of
G. Healey (Healey, 1989) published in 1989.

Fig. 1. Images of the same area of the Earth surface taken in the radio (left) and optical (right) spectral bands. The images are
reproduced from (Abulkhanov et al., 2018).

Fig. 2. Images of the same document captured by different cameras.
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If the normal imaging conditions are exclusive,
then normalization is an idempotent operation: apply-
ing normalization twice to an image has the same re-
sult as applying it once (Finlayson et al., 1998; Niko-
laidis, 2011). If, however, there are multiple sets of im-
aging conditions that can be considered normal
(Murygin, 2010; Nikolayev, 2016), it is reasonable to
require idempotence additionally. Then normaliza-
tion will not change the image originally captured un-
der normal conditions. The idempotence combines
the operation of normalization of images with the op-
eration of normalization of vectors (reducing them to
a single unit length).

Images obtained under arbitrary imaging condi-
tions are often considered as a result of the distortion
of “imaginary” (hypothetical) images obtained under
normal imaging conditions. Normalization in such a
case is understood as removal (correction, compensa-
tion) of these distortions (Kholopov, 2017; Baltzopou-
los, 1995; Calore et al., 2012; Tsviatkou, 2014).

Normalization of images is usually based on some
model of the target object of the scene. For example,
such a model can be a so-called reference image
(Murygin, 2010; Nikolaev, 2010; Vanichev, 2007) – an
image of a similar object obtained under normal con-
ditions. In the described case, the geometric normal-
ization of the image can be considered as an operation
of its alignment (image registration (Goshtasby, 2005))
with the reference image.

Algorithms for the geometric normalization of im-
ages are usually based on the assumption that the tar-
get object of the scene is sufficiently rich in detail, well
known a priori, and depicted informatively. Other-
wise, most approaches do not yield satisfactory results.
To eliminate this problem, a theory has been pro-
posed. This theory provides methods for projective
geometric normalization for the extremely complex
cases where the information characterizing the object
is minimal in the number of its normalizing (projec-
tively invariant) features. An example of such an ap-

Fig. 3. Images of the same color table taken with the Canon 5D Mark III camera with fixed settings, but under different illumi-
nation conditions. This visually demonstrates the color metameric phenomenon: the colors in different areas of the color table
match or differ depending on the lighting. The images are reproduced from the MLSDCR (Multiple Light Source Dataset for
Colour Research) (Smagina et al., 2020).

Fig. 4. Images of the same banknote under visible (left) and ultraviolet (right) illumination, where a bright f luorescent area
stands out.
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proach to geometrical normalization is known for f lat
smooth shapes given by the family of ovals (o). Nor-
malization is carried out by the procedure of its rede-
scription, invariant with respect to the 2D homogra-
phy transformation, i.e. the projective transformation
of the plane o in Cartesian 3D space. The algorithms
of such processing are particularly simple in the case of
symmetry of three kinds (radial, axial or rotational),

while the detection of symmetry elements (axes
and/or centers) performed via fast universal proce-
dures (Nikolaev, 2016). It is sufficient enough to ob-
tain an invariant description of o as a projection onto a
“reference” 4-vertex shape or by calculating a closed
curve of 2D wurf-mapping (Nikolaev, 2010). Let us
add that the family o (their subfamily are the Lamé
curves, also called “superellipses” having at least two

Fig. 5. Images of the same document. Images (a), (b), and (c) are captured from different angles. Image (d) is the result of geo-
metric normalization of image (b) assuming that the capturing angle of image (c) is chosen as the normal imaging condition.

(а) (b)

(c) (d)(d)(d)

Fig. 6. Images of the same object. Image (a) was obtained in the air environment, (b) – in the water environment, (c) – the result
of color normalization of image (b) assuming that the air environment is chosen as the normal imaging condition. Reproduced
from (Shepelev et al., 2020).

(а) (c)(b) 



240

СЕНСОРНЫЕ СИСТЕМЫ  том 35  № 3  2021

KONOVALENKO, NIKOLAEV

axes plus the center of symmetry) rightfully belongs to
the objects which do not include the “standard” vari-
eties of projectively invariant points: inflection, frac-
ture, second-order contact and etc. In the model,
when the optical registration of o is adequately de-
scribed by a f lat central projection given by a notional
pinhole camera, such an invariant representation of o
(if technically necessary, for some problem of o recog-
nition) can be transformed (up to a scale accuracy) to
a normalized version of representation as if the camera
was capturing o orthogonally. In the context of this ap-
proach, the cases when the target object is modeled,
for example, by the composition of two ovals (Niko-
laev et al, 2018), a composite oval (Nikolaev, 2010), an
oval with hidden symmetries (Nikolaev, 2014; Niko-
laev, 2017), an oval with an inner point (Savchik and
Nikolaev, 2016), an outer straight line (Balitskiy et al.,
2017), with two marked points (Savchik and Nikolaev,
2018) were studied.

THE NORMALIZATION PROBLEM 
AND ITS PRACTICAL APPLICATIONS

The optical systems of practical interest have geo-
metric aberrations – deviations from the pinhole cam-
era model. One of such aberrations is radial distortion,
which disturbs the collinear correspondence between
the image and the subject and is typical in inexpensive
optical systems equipped with wide-angle lenses and
designed for wide-scale use. Geometric aberrations
are related to imaging conditions, so their elimination
is a special case of normalization. In (Kunina et al.,
2016), a single-image blind radial distortion compen-
sation algorithm was proposed.

The same cameras have different radial distortions
when capturing images in air and underwater condi-
tions. The paper (Sheshkus et al., 2020) provides an
analytical description of visual geometric distortions
occurring when capturing underwater objects. A nor-
malization transformation was introduced to compen-
sate for underwater distortion without an underwater
calibration procedure. In (Titov et al., 2019), a method
for the normalization of underwater color images is
proposed.

It is reasonable to consider the algorithms of “au-
tomatic white balance” as the color normalization of
images. Conventionally, white balance is performed
before converting the color coordinates of the camera
to the coordinate system of a standard observer for
subsequent image finalization and rendering (Kara-
imer, Brown, 2016), which allows for significantly im-
proved picture quality using simple linear models
(Karaimer, Brown, 2018). At the moment, there are
many different white balance algorithms. There are
two reviews on the subject (Gijsenij et al., 2011; Das
et al., 2018), new datasets are being created (Ershov
et al., 2020), and the original, more complex formula-
tions were proposed (Savchik et al., 2019).

Another example of color normalization is the re-
construction of multispectral images. The visual non-
optimality of the latter is due to various deviations of
imaging conditions from normal (Kober, Karnauk-
hov, 2016a; Kober, Karnaukhov, 2016b; Kober, Kar-
naukhov, 2015; Chochia, 2016).

Normalization is used for preprocessing of images
in many image analysis tasks, some examples of both
types of normalization will be discussed further.

Document Image Analysis

It is common to apply geometric (Rodríguez-
Piñeiro et al., 2011), (Skoryukina et al., 2020), and
color (Polevoy et al., 2021) normalization to images of
documents for the subsequent optical recognition of
the latter. At the same time, inaccuracies in the nor-
malization can lead to recognition errors. In (Bulatov
et al., 2020), a dataset of video recordings of docu-
ments obtained from a variety of camera angles, and in
(Smagina et al., 2020), a dataset of images obtained
under different light conditions are presented.

In the field of automatic document analysis, the
standard task is to remove the slope of letters and sig-
nificant characters to be recognized, i.e. to perform
geometric normalization of the image. There are many
papers demonstrating the influence of tilt compensa-
tion on all subsequent stages of document processing.
The main problem, in this case, is to determine this tilt
angle. One of the standard approaches is the Hough
image analysis of the document image. The paper
(Bezmaternykh, Nikolaev, 2020) investigates the qual-
ity of tilt angle detection using the Hough image ob-
tained using the fast Hough transform algorithm.

As part of the task of understanding a document,
often the intermediate step is the recognition of certain
attributes of the document. For this purpose, the lo-
calized attributes are sent as the input of the OCR
module in the form of images of text fragments. Most
of these modules are designed for the task of recogni-
tion of the standard font fragments, but italic and
handwritten texts are quite common and also should
be recognized. Often, this leads to complications of
the standard fragment processing scheme, in particu-
lar, algorithms for segmentation of the string image in-
to rasters of individual characters (Chernov et al.,
2016). Correction of slanted text fragmentation is one
of the classical stages of image normalization in OCR
modules. Nowadays, there are many methods for de-
termining the angle of slope of text fragments. Many of
them are based on the application of fast Hough trans-
form (Limonova et al., 2017; Bezmaternykh et al.,
2018). However, the slant of the characters can occur
not only because of the slanted font but also because of
the inaccurate normalization of the imaging angle. In
(Konovalenko et al., 2020b), an analytical expression
for the maximum target direction normalization error
for the document was proposed.
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A classic step in automatic document processing is
image segmentation. Its special case is the binarization
task: all pixels of the source image are divided into two
classes, which are usually referred to as object and
background. Application of such segmentation is
widely used in systems of document recognition, ar-
chival storage. This technique is also employed to im-
prove the visual quality of document images, which is
a special case of the problem of image normalization.
The task of document binarization attracts the close
attention of developers of automatic recognition pro-
cedures. There is even a special DIBCO competition
to monitor the situation in this area, which is regularly
held within ICDAR. Recently, the highest accuracy of
binarization is demonstrated by the solutions which
employ artificial neural networks. The most popular
architecture is U-Net, based on of which new solu-
tions are constantly being proposed. One such solu-
tion, for example, won a competition in 2017 (Bezma-
ternykh et al., 2019). The U-Net architecture has been
the subject of in-depth research by scientists, both in
finding optimal neuronal activation functions for
training (Gayer et al., 2021) and in reducing the num-
ber of trainable coefficients in the model (Limonova et
al., 2021). However, in some cases, the use of neural
network solutions is not feasible, for example, due to
limited resources on the device. One of the standard
tools in such a case may be the Otsu method or its var-
ious generalization (Ershov et al., 2021).

Another relevant task is the recognition of matrix
barcodes scanned or captured under conditions un-
known a priori. Usually, the process of code recogni-
tion is divided into several stages. First, the code is lo-
calized in the image, then its corners are precisely de-
termined and the normalization of the image is carried
out. Then the code is divided into separate modules
(matrix code cells), and the original message is ex-
tracted. However, sometimes it is possible to apply a
generative approach to recognition, instead of individ-
ual modules extraction (Bezmaternykh et al., 2010).

In (Kunina et al., 2020), a method for color nor-
malization of document illumination in a full-page
scanner without moving parts was proposed, and in
(Karnaukhov and Kober, 2017), an adaptive method
for eliminating shadows in the document image was
proposed.

Normalization is also used for the automatic classi-
fication of document types (Awal et al., 2017).

Algorithms for geometric normalization of docu-
ment images are often based on vanishing points
(Shemiakina et al., 2020; Abramov et al., 2020). In
(Konovalenko et al., 2020c), a method of vanishing
point detection based on the principle of maximum
likelihood was introduced, and in (Sheshkus et al.,
2020), a method based on neural network involvement
was demonstrated.

Traffic situation recognition
In the recognition of the traffic situation by auto-

mated devices, the features that are localized in the
plane of the road are of greatest interest: the markings
of the roadway, its boundaries. Recognition of such
features is greatly simplified if the image is received
from above the plane of the roadway (the so-called
birds-eye view) since in this case the parallel lines on
the road are projected as the parallel lines on the im-
age. In practice, cameras are mounted behind the
windshield of cars. In order to switch from the camera
images to the “birds-eye view on the road” view, a pro-
jective transformation can be applied that performs a
virtual rotation of the camera. Such normalization is
the first step of many well-known algorithms for the
recognition of road boundaries and road markings
(Panfilova et al., 2021; Shipitko et al., 2019; Shipitko
et al., 2021; Prun et al., 2017), which is also used for
navigation of unmanned vehicles (Abramov et al.,
2019; Shipitko, Grigoryev, 2018). Image normaliza-
tion is also applied to license plate recognition (Mury-
gin, 2010; Povolotskiy et al., 2019; Povolotskiy et al.,
2018).

Computed tomography scan
In classical computed tomography, the probing ra-

diation is considered to be monochromatic and the to-
mographic reconstruction is reduced to the problem
of reversal of the Radon transform. However, modern
tomographs use X-ray tube with polychromatic radia-
tion as a radiation source. Applying this technique to
the projections registered in the polychromatic model
obtained by classical reconstruction algorithms leads
to distortions in the reconstructed image. To obtain a
correct reconstructed image, it is necessary to bring
the registered projections to monochromatic, i.e. to
solve the normalization problem. It is impossible to
solve the normalization problem exactly by any known
mathematical transformation. There are many ap-
proaches to find an approximate solution. The works
(Chukalina et al., 2017; Ingacheva, Chukalina, 2019)
suggest numerically simulating monochromatic pro-
jections – by applying a one-parameter correction
function with automatically found correction parame-
ter-based on the measured in polychromatic mode.

Other image normalization applications
In addition to the above, normalization is used to

search for similar images in databases (Orrite and Her-
rero, 2004), to identify television broadcasts from a TV
screen image (Skoryukina et al., 2017), to compare
space images of Earth with electronic maps (Kozlov
et al., 2009), and to analyze medical images (Baltzo-
poulos, 1995). Brightness normalization is used to im-
prove the accuracy of neural network methods for face
verification (Ilyuhin et al., 2019a; Ilyukhin et al.,
2019b). In (Nikolaev et al., 2015), normalization was
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applied to the detection of diamonds in the ore stream.
In addition, G. Legge showed that normalization of
images can be applied to facilitate the visual percep-
tion by humans (Legge et al., 1985).

IMAGE NORMALIZATION ACCURACY 
CRITERIA

Let us consider formally described in the literature
interfaces of geometric image normalization algo-
rithms. The image to be normalized is input . In
addition to it, some form of a priori information about
the target object and information about what imaging
conditions are considered normal may be fed to the in-
put. Some normalization algorithms use independent
data about the imaging conditions, such as illumina-
tion and perspective (Kholopov, 2017; Calore et al.,
2012; Arvind et al., 2018; Karpenko et al., 2015). The
normalization algorithm returns an algorithmically
normalizing transformation  (or its parameters), a
transformation of pixel coordinates, application of
which to the input image  yields an algorithmically
normalized image . In this case, the image transfor-
mation itself is either not performed at all (when it is
enough to know the transformation parameters) or,
due to its non-triviality, is given for implementation to
algorithms specially designed for this purpose. In ad-
dition, the estimation of certain imaging conditions
can be returned.

Normalization algorithms are usually not required
to perform precisely. In order to formalize an estimate
of the accuracy of an algorithmically normalizing
transformation , an ideal normalizing transformation

 (ground truth) is usually expertly specified. The
transform  may then be regarded as an estimate of
the ideal transform . Let us call the image obtained
by applying  to the input image , an ideally nor-
malized image  (see example in Fig. 7). Naturally,
the more accurate the normalization is, the closer the
transformation  is to the transformation  or the
closer the image  is to the image . However,
there are many reasonable non-equivalent ways to for-
malize this closeness – the accuracy of geometric nor-
malization inherently has many criteria. A large num-
ber of normalization accuracy criteria have been pro-
posed in the literature. Before considering them, let us
introduce the necessary notations.

Let us denote by  the Cartesian coordi-
nates of pixels on the image plane , and by q the
Cartesian coordinates of pixels in the image plane 
and let us determine the residual distortion as

(4)

inputI

Ĥ

inputI

algI

Ĥ
H

Ĥ
H

H inputI
idealI

Ĥ H
algI idealI

[ ]def
=

Tx yr

idealI
algI

−def 1ˆV HH ,=

for each visible point of the target object, the coordi-
nates  which translate its image in the image  into
the coordinates q of its image in the image :

(5)
If the normalization algorithm works accurately,

the residual distortion  is an identity transformation.
Let us also introduce the residual distortion coordinate
discrepancy (Kunina et al., 2016) (see example in Fig. 8)

(6)

for each visible point of the target object. This expres-
sion shows the distance by which the image of the
point in the image  is shifted compared to the im-
age of the same point in the image .

In some cases, the normal imaging conditions
themselves determine which area of the image  is
of interest (for example, contains an image of the tar-
get object). Then we call it the region of interest and de-
note by

(7)

where  is the domain of the image  (see (1)).
Otherwise, we take . The region of interest 
shows exactly where in the image  plane the nor-
malization  is required to be accurate. We will not
consider the case of an empty region of interest. Since
the image domain  is always bounded, the region
of interest R is also bounded. The sets R and  will
be considered closed, since in this case there is no
practical reason not to, and it is mathematically con-
venient. We will not require the convexity and connec-
tivity of the region of interest R, since these restrictions
are insufficient for practical needs. The image Q of the
region of interest R in the image  plane is set by

. Ideally, .
Hereafter, for brevity, we will use the notation as

follows:

(8)

and we will call  the supremum of the function f

on the set X.
Now let us proceed to the review of the criteria pro-

posed in the literature for the accuracy of the geomet-
ric normalization. The works (Clark et al., 2008; Singh
et al., 2008; Zeynalov et al., 2009) suggest evaluating
the accuracy of normalization visually. Formal criteria
can be divided into three groups: intrasystem, color,
and geometric. Further, we will consider these three
groups separately.
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Intrasystem criteria

We have already shown that the normalization is
applied as a stage of preprocessing of images for vari-
ous image analysis problems Thus, there is an ap-

proach where the accuracy of the normalization is de-
fined as the quality of the solution of the problem in
which it is applied. For example, in (Merino-Gracia
et al., 2013; Lu et al., 2005; Zhang et al., 2008; Tong,
Zhang, 2010; Takezawa et al., 2016) the criterion for

Fig. 7. Example of image normalization and its subsequent analysis. H – ideal normalization transformation,  – algorithmic
normalization transformation, V – residual distortion,  – image to be normalized,  – algorithmically normalized
image,  – algorithmically normalized image, bottom left – result (protocol) of image  analysis, R – region of interest,
Q – image of the region of interest R in the image  plane.

Iinput Iideal

Ialg

H

Ĥ
V

R

Q

Ĥ

inputI idealI

algI algI

algI

Fig. 8. Example of coordinate discrepancy d. Left: algorithmically normalized image , the area of interest R is marked by a
black frame. Right: vector field of residual distortion displacements , color shows coordinate discrepancy values
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the accuracy of document image normalization is
chosen as the quality of text recognition on an algo-

rithmically normalized image ; in (Awal et al, 2017;

Finlayson et al., 1998) – the quality of scene object
recognition; and in (Skoryukina et al., 2017) – the
proportion of correctly identified TV broadcasts.
Since such accuracy criteria are defined exclusively
within the framework of some image analysis system
and its testing system, we will call them intrasystem cri-
teria. They depend only on a single image or a set of

images .

Intrasystem criteria of accuracy are undoubtedly
useful, as improvement of normalization algorithm in
the sense of intrasystem criterion by its definition
means the improvement of quality of solution of the
final image analysis problem, and exactly in the sense
in which this quality is specified. However, the criteria
proposed in the literature are not limited to intrasys-
tem criteria. The reason for this lies in the violation of
the principle of software modularity, which requires
that the development (and hence testing) of modules
should be carried out independently. This violation re-
sults in the following problems. The system of image
analysis and/or system of its testing by the time of the
introduction of the normalization algorithm may not
be fully developed. If both of these systems already ex-
ist, they are usually in the process of constant change,
so the intrasystem criteria for normalization accuracy
are also changing. In addition, they are not mathemat-
ically formalized, difficult to analyze, make the soft-
ware debugging process difficult, and do not imply the
universality of normalization algorithms. Zeynalov et
al. (2009) describe intrasystem criteria as incorrect for
these reasons. There is an opposite approach, in which
it is believed that the image analysis system must be
such that the quality of its performance on normalized
images correlated well with some simple fixed criteri-
on for the accuracy of normalization of these images.

Color criteria

By color criteria for the accuracy of geometric nor-
malization, we will denote the criteria that necessarily

depend on both images  and , and may depend

on the region of interest R and its image Q. For exam-
ple, the articles ( Szeliski, 1996; Sawhney and Kumar,
1999; Calderon and Romero, 2007; Goshin et al.,
2014) use the root mean square pointwise difference of
these images throughout the region of interest as the
normalization accuracy of single-channel images (see
Fig. 9):

(9)

where  is the area of the region of interest R; in
(Tsviatkou, 2014; Gong et al., 2019), peak signal-to-
noise ratio (PSNR):
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where  is the maximum possible image value (usu-

ally ); and in (Gong et al., 2019), the struc-
tural similarity index:

(11)

where

(12)

(13)

(14)

The Wasserstein metric (Haker et al., 2004;
Schmitzer and Schnörr, 2015; Su et al., 2015), infor-
mally called the “earth mover’s distance”, is also used
for single-channel images:
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where

(16)

are the distributions of values of images  and ,

and  is the set of all measures on  with

marginal measures μ and ν. The interpretation of 

in this case can be detailed as follows. If the mea-
sures μ and ν are understood as “piles of dirt”, then
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the Wasserstein metric  defines the minimal “cost”

of turning one pile into the other, the cost is assumed
to be proportional to the amount of dirt and the dis-
tance (raised to the power p) by which it has to be
moved.

Radial distortion compensation is an important
special case of geometric normalization. To describe
its accuracy, criteria detecting the presence of straight

lines in the image  are used (Kunina et al., 2016).

The main property of color criteria for geometric
normalization accuracy is as follows: even for fixed

transformations , H and the region of interest R, i.e.
when in the geometric sense normalization is made
equally accurately, the value of any color criterion

changes depending on images  and .

Geometric criteria

By geometric criteria of the normalization accuracy,
we mean the criteria that depend only on transforma-

pW

algI

Ĥ

algI idealI

tions  and , or on their parameters, and on the re-
gion of interest R, and on the derived objects: Q, V, d.

They do not depend on the images ( ,  and

). Geometric accuracy criteria are natural for geo-
metric normalization and are more frequently met in
the literature. Let us list them below.

1. The closeness of the parameters specifying the

transformations  and . For example, in (Triputen’
and Gorokhovatskii, 1997), the accuracy of normal-
ization by an affine transformation given by the matrix

, was calculated as follows:

(17)

and in (Calderon and Romero, 2007), where normal-
ization was performed by projective transformation,
the accuracy was introduced by the homography ma-

trix :

(18)

for the following homogeneity normalization:

, where  is the Frobenius norm.

2. Jaccard’s coefficient (Jaccard, 1901), equal to

the area of intersection of sets  and , divided by the
area of their union (see Fig. 10):

(19)

It was used, for example, at the “Smartphone doc-
ument capture competition” of the ICDAR confer-
ence (Zhukovskiy et al., 2018). The paper (Rezatofighi
et al., 2019) suggests its more suitable modification for
optimization.

3. Hausdorff metric, the greatest distance from the
points of one set to their corresponding nearest points
of the second set (see Fig. 11):
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Fig. 9. Single-channel images ,  and their difference module . The images are reproduced from (Goshin
et al., 2014).
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Fig. 10. Illustration of Jaccard’s coefficient definition: in-
tersection and union of sets Q and R.
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(20)

The Hausdorff metric has been used for arbitrary
object detection (Sim et al., 1999), for alignment of
partially occluded contours (Orrite and Herrero,
2004), for robust face detection (Jesorsky et al., 2001),
and for calculation of closeness between two images
(Huttenlocher et al., 1993). In the works (Dubuisson
and Jain, 1994; Efimov and Novikov, 2016), its modi-
fications were proposed.

4. In the case when instead of sets Q and R, two

continuous curves are considered: ,

the Frechette distance, related to the Hausdorff met-
ric, is used:

(21)

where  are continuous non-decreas-

ing surjections (reparametrization). This criterion was
used to specify morphing accuracy (Har-Peled, 2002)
and closeness of two contours after projective align-
ment (Pritula et al., 2015).

5. Mean square coordinate discrepancy d:

(22)

has been used as a criterion of normalization accuracy
in radial distortion elimination (Stein, 1997), panora-
ma creation (Sawhney and Kumar, 1999; Hsu and
Sawhney, 1998; Chen et al., 2002), space image
matching (Kozlov et al., 2009; Katamanov, 2007),
medical image analysis (Baltzopoulos, 1995), text rec-
ognition (Dance, 2001).

6. The mean coordinate discrepancy d was also em-
ployed (Kunina et al., 2016; Shemiakina et al., 2017):

(23)

7. Finally, the maximum coordinate discrepancy d
(minimax criterion) was also proposed as an accuracy
criterion. In the general case, it is defined as the fol-
lowing supremum:

(24)

The maximum coordinate discrepancy was used as
a criterion for the normalization accuracy in the tasks
of space image georeferencing (Katamanov, 2007),
face detection (Jesorsky et al., 2001), and text recogni-
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tion (Shemiakina et al., 2017; Skoryukina et al., 2018).
In the case of projective normalization, some works
(Shemiakina et al., 2017; Skoryukina et al., 2018) ap-
plied this criterion in a non-standard way. Instead of
the entire region of interest R, it used only the extreme
points of the region’s convex hull :

(25)

The authors assumed that equality

 is true. However, this assump-
tion is not always correct. Let us consider a counterex-
ample to the declared equality (see Fig. 12). Let

(26)

and the region of interest is a rectangle ,

then: , therefore:

(27)

It is interesting to note that all of the listed geomet-

ric accuracy criteria depend on  and H only through

the residual distortion  (4) and the coordi-
nate discrepancy d derived from it (6). Therefore, the

accuracy of the transformation H estimate  can be
understood as the closeness of the residual distortion V
to the identity transformation.

Let us nowexamine the listed geometric criteria.
The criteria based on proximity of parameters that de-

fine transformations  and are not suitable to de-
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scribe the normalization accuracy, since they do not
depend on the region of interest R, which shows where
exactly in the image  plane the normalization
should be accurate. The Jaccard coefficient, the
Hausdorff metric, and the Frechet distance do not
have this drawback, but, being utilized as criteria for
normalization accuracy, they have another general
drawback. They specify only the similarity of sets Q
and R, while arbitrary distortions within a set are not
accounted for. For example, in Fig. 13 we can see two
examples of document image normalization, correct
and incorrect, which have an ideal accuracy in terms
of each of the three above-mentioned criteria.

Mean, root mean square and maximum coordinate
discrepancies have no obvious disadvantages com-
pared to the previous criteria.

idealI

PROJECTIVE IMAGE NORMALIZATION 
AND ACCURACY CRITERIA

Theoretical justification of projective image 
normalization

The following classes of transformations are used to
implement geometric normalization of images: iso-
metric (Murygin, 2010; Huttenlocher et al., 1993; Bo-
lotova et al., 2017), affine (Triputen’ and Gorokho-
vatskii, 1997; Putyatin et al., 1998; Nikolaidis, 2011),
polynomial (Kozlov et al., 2009), fractional-polyno-
mial (Singh et al, 2008), radial-polynomial (to com-
pensate for radial distortion) (Kunina et al., 2016),
central-projective (Rodríguez-Piñeiro et al, 2011;
Zhang and He, 2007; Kholopov, 2017), projective (Sa-
fari et al., 1997; Iwamura et al., 2007; Merino-Gracia
et al., 2013; Shemiakina et al., 2017; Xie et al., 2018),
and arbitrary (Jesorsky et al., 2001; Zeynalov et al.,
2009).

The shape of scene objects is very often modeled by
a polyhedron (approximation of their 3D shape is
called polyhedral), formally approximating the optical
system of its registration by a pinhole camera (the laws
of geometric optics are approximated in this case by
the flat central projection) (Forsyth, Ponce, 2002). Un-
der such assumptions, the images of the same object
face captured from arbitrary angles are connected by a
two-dimensional projective transformation (Shemiaki-
na, 2017; Hartley, Zisserman, 2003) (see Fig. 14 and
15). Thus, the ideal normalizing transformation  of
this face image is projective, and the algorithmically
normalizing transformation  is chosen to be projec-
tive. Since the transformations  and  are projective,
the residual distortion  is also projective.
Such geometric normalization will be referred to as
projective normalization. The projective transformation
preserves straight lines. In Fig. 14 and 15, this funda-

H

Ĥ
H Ĥ

−1ˆV = HH

Fig. 12. A counterexample to the statement that the supre-
mum of coordinate discrepancy of the projective transfor-
mation on a rectangle is achieved on its vertices. The pro-
jective transformation of a rectangle into a trapezoid is
shown. The lengths of the dashed lines correspond to the
coordinate discrepancies. The property is visually demon-
strated: the coordinate discrepancy at vertices of the rect-
angle is smaller than at the point on its edge.
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Fig. 13. Two examples of document image normalization (left – correct, right – incorrect), which are perfectly accurate in terms
of Jaccard coefficient, Hausdorff metric, and Frechette distance.
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mental property is expressed by the fact that the imag-
es of straight lines of the scene also remain straight.

The projective transformation is used not only for
geometric normalization of images, but also for color
normalization. In 1931, the International Commission
on Illumination (CIE) introduced the standard CIE
XYZ color space and formalized the concept of chro-
maticity (color without luminance) as an ordered pair
of chromatic coordinates ( , ) of the CIE xy color
space (Smith et al., 1931), with the relationship be-
tween color and chromaticity specified as a projective
mapping. Projective CIE xy chromaticity transforma-
tions have been considered since MacAdam’s work
(1937) published in 1937. However, due to their pro-
jective definition, we can assume that the projective
chromaticity transformations have been considered
since their introguction in 1931. Nevertheless, a formal
theoretical justification for projective color normal-
ization was published only in 2016 by G. Finlayson
(Finlayson et al., 2016). It is worth noting several
works where all three color coordinates are projective-
ly transformed. The first appears to be a paper (Wal-
lace et al., 2003) by a Princeton University Computer
Science Department team, published in 2003. A
three-dimensional projective transformation was used
to compare the color bodies of different projection
frameworks. Later, the same approach was applied to
photorealistic color palette transfer between images
(Gong et al., 2019) (see Fig. 16 for examples). In both
cases, it is a mutual calibration of the two images,

x y

rather than a transition to a color space with the re-
quired properties. In the article (Smagina et al., 2019),
the projective transformation was suggested to be used
precisely for the transition to space with a simple, but
meaningful, metric. In this work, it was shown that a
fixed three-dimensional projective transformation of
color coordinates can improve the results of color seg-
mentation algorithms. In 2020, another paper (Kim
et al., 2020) demonstrated the use of a three-dimen-
sional projective transformation for color normaliza-
tion (calibration) of micro-LED displays.

Accuracy criteria for projective image normalization
All the criteria described above are universal, and

therefore applicable to the description of the projec-
tive normalization accuracy. However, for the case of
projective normalization, special criteria have been
proposed in the literature. They all assume that the re-
gion of interest R is a rectangle. Then its image Q is a
quadrilateral. For example, in (Calore et al., 2012), the
angle between the left and right sides of the quadrilat-
eral  was proposed as an accuracy criterion:  (see
Fig. 17), and in (Kholopov, 2017), the ratio between
the minimum and maximum angles of the quadrilater-
al Q (see Fig. 18):

(28)

in (Takezawa et al., 2016), the total relative proximity
of the lengths of the opposite sides of Q was chosen:

(29)

The articles (Rodríguez-Piñeiro et al., 2011; Zhang
and He, 2007) define normalization accuracy as the
accuracy of the normalization algorithm’s estimate of
the aspect ratio of a rectangle R. All the criteria listed
here are invariant to the similarity transformation.
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Fig. 14. Formation of images  and  of a f lat rectangular
object in a pinhole camera with optical centers  and .
The object and its images are pairwise connected by pro-
jective transformations.
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Fig. 15. The real image obtained by the camera, which can
be accurately simulated by a pinhole camera model. The
flat faces of the scene are related to their images by projec-
tive transformations.
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THEORETICAL JUSTIFICATION OF THE 
NORMALIZATION ACCURACY CRITERIA

It was shown above that a large number of normal-
ization accuracy criteria have been already proposed,
including those introduced specifically for projective
normalization. Thus, the question of the proposed cri-
teria applicability to various image analysis problems is
relevant. The introduction of problem-oriented crite-
ria allows for a theoretically justified approach to the

choice of optimal algorithm among existing algo-
rithms of geometric normalization, and to the devel-
opment of new algorithms.

In (Konovalenko et al., 2020d), for the case of a
document with a fixed structure (Povolotskiy and Tro-
pin, 2019), a normal probabilistic recognition model
was introduced, according to which the probability of
correct recognition of a symbol jumps to zero as the
coordinate discrepancy of this symbol increases. For
this model, it was proved that the accuracy criterion of
image normalization, expressed as the maximum (by
text fields of the document) coordinate discrepancy, is
monotonically related to the probability of correct rec-
ognition of the entire document.

In (Konovalenko et al., 2020a), another model of
recognition was introduced, according to which the
probability of correct recognition of a symbol decays
according to Gaussian with the growth of the coordi-
nate discrepancy of this symbol. For this model, it was
proved that the accuracy criterion of image normaliza-
tion, equal to the mean square of the coordinate mis-

Fig. 16. Projective color normalization. The left images were obtained under the illumination chosen as normal, the center images
were obtained under some other types of illumination. On the right, the results of projective color normalization of the central
images are shown.

Fig. 17. The angle between the left and right sides of a
quadrilateral Q.

�

Q

Fig. 18. Minimum and maximum angles of a quadrilat-
eral Q.

Q

�max
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alignment in the text fields of the document, is mono-
tonically related to the probability of true recognition
of the entire document.

In (Konovalenko and Shemiakina, 2018; Konova-
lenko et al., 2020a), the maximum and root mean
square coordinate discrepancies were expressed ana-
lytically for the case of projective normalization.

LIMITS OF APPLICABILITY 
OF NORMALIZATION ACCURACY CRITERIA

The case of arbitrary normalization

All the above mentioned criteria of images normal-
ization accuracy, except intrasystem, are not intended
for the case when some part of the region of interest
image is not mapped on the image . In this regard,
it is necessary that the algorithmically normalized im-
age completely contains the image of the region of in-
terest:

(30)

and that the input image completely contains the pre-
image of the region of interest:

(31)

In addition, a residual distortion that is too “bad”
at the region of interest also makes all of the above non-
intrasystem accuracy criteria meaningless. Therefore,
let us require that at each point the transformation has a
Jacobian matrix and a positive Jacobian

algI

⊆ alg= V[ ] dom ,Q R I

− ⊆1
inputH [ ] dom .R I

(32)
because a zero Jacobian usually leads to loss of infor-
mation, and a negative one means “reflection” of the
image and corresponds to imitation of the view of the
object surface “from the back” (see Fig. 19).

The case of projective normalization
Let us consider in detail what these constraints

mean for the case of projective normalization, when
the camera is modeled by a pinhole camera and the
object surfaces are modeled by planes. Let us intro-
duce the projective transformation P, the inverse of H:

(33)

– it translates the points of the image  into the
points of the image . The projective transforma-
tion V is parameterized by a homogeneous matrix (ho-

mography matrix)  in the following
standard way:

(34)

Similarly, the projective transformations , H and
P are parameterized by the matrices , H and p re-
spectively. Let

(35)
Let us introduce the function

(36)
From the constraints (30), (31), and (32) it follows

that the function Z has a constant sign on the set R:

(37)

Let us prove this for the general case when the set R
is not necessarily connected. Indeed, if for a point

 is satisfied , then the corresponding
point  in the image  plane is infinitely distant
(see (34)) and therefore cannot belong to this image,
which violates the condition (30). Moreover, it follows
from (34) and (36) that:
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I.e. the sign  either everywhere coincides with
the sign of the Jacobian of the projective transforma-
tion V, or differs from it everywhere, which means that
to satisfy condition (32) it has to be either uniformly
on R negative or positive, what was required to prove.

( )Z r If condition (37) is ignored, the coordinate discrepan-
cy (6) is predetermined naturally:

(39)
− ≠

+∞

def 2|| V( )|| for ( ) 0,
d( ) = for ( ) = 0.

Z
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Fig. 19. An example of projective normalization in which
the Jacobian of residual distortion V equals to either posi-
tive or negative values in the region of interest R. Above –
ideally normalized image . Bottom – algorithmically
normalized image , obtained as a result of splitting the
image  by residual projective distortion into two parts:
for the right side the Jacobian of residual distortion is pos-
itive, and for the left side it is negative, which corresponds
to “reflecting” the image.
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algI
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AFFINE APPROXIMATION OF PROJECTIVE 
IMAGE NORMALIZATION

Due to the growing technical capabilities of mobile
devices in recent years, autonomous image analysis on
mobile devices without the involvement of the server
has become relevant. A significant contribution to the
development of this approach was made by V.V. Arlaza-
rov. The computational power of modern mobile de-
vices is such that the time required for projective image
transformation turns out to be a critical factor (Trusov,
Limonova, 2020). A competitive approach that in-
creases the speed of image processing could be the af-
fine transformation (Putyatin et al., 1998; Wolberg,

1990). Note that a typical variant of the orientation of
the camera optical axis with respect to the plane of the
target object can be represented by an orthogonal view
model. In this approximation, the camera-object sys-
tem is naturally described by an affine projection model
(Forsyth and Ponce, 2002), and the generally required
projective normalization is replaced by frequently used
affine normalization without significant loss of accura-
cy Triputen’ and Gorokhovatskii, 1997; Putyatin et al.,
1998; Nikolaidis, 2011) (see Fig. 20). Such a transition
to a less computationally expensive model can provide
the required acceleration of the normalization step.

Рис. 20. Projective (left) and affine (right) geometric normalizations of the document image  (top) and the result of its rec-

ognition (bottom). H – projective transformation, A – affine transformation,  – residual projective distortion. The
black boxes show the ideal localization of a document and its text fields. Even though the camera’s optical from normal, the text
fields of the document were accurately normalized via affine normalization.
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The notion that in practice the projective transfor-
mation can be replaced by the affine transformation
was suggested earlier in (Gruen, 1985). This property
was used in (Ohta et al., 1981) to simplify further
mathematical constructions. The affine approxima-
tion is widely used in image augmentation (Pavić et al.,
2006) and in rendering (Wolberg, 1990; Heckbert,
1989; Lorenz and Döllner, 2009). In (Huang et al.,
2015), the projective transformation is replaced by a
simpler affine transformation in order to eliminate
overtraining. A similar idea is used in the weak per-
spective camera model (Alter, 1992; Kutulakos and
Vallino, 1996; Aradhye and Myers, 2010), where with-
in each scene object the equidistance of its parts from
the camera is assumed. Developing affine invariant
methods instead of the much more complex projective
invariant ones is common in the popular technology of
special points (Mikolajczyk and Schmid, 2002; Miko-
lajczyk and Schmid, 2004; Morel and Yu, 2009), and
in the related problem of significant regions detection
(Kadir et al., 2004), although both approaches are
practically invariant to the capturing perspective. The
division into affine and projective methods also exists
in the field of stereoreconstruction (Faugeras, 1995).
Replacing a projective transformation with an affine
one for rendering and image normalization purposes
leads to the loss of accuracy (Putyatin et al., 1998;
Zwicker et al., 2004).

In (Konovalenko et al., 2019), the maximum and
root mean square coordinate discrepancies were pro-
posed as accuracy criteria for affine approximation of
projective normalization. Based on these criteria, the
problems of the search for optimal affine approxima-
tions are formulated. The convexity of the obtained
optimization problems is proved. A method for the
employment of optimal affine approximations to save
computational resources during image transformation
is proposed. In (Konovalenko et al., 2021), the prob-
lem of finding an affine approximation optimal ac-
cording to the criterion of coordinate mean square dis-
crepancy was solved analytically.

CONCLUSION

In the analytical part of this review paper, the au-
thors demonstrated the following original results:

1. Among the known criteria for the accuracy of
image normalization, several were chosen based on
the following attributes. Ones that do not violate the
software modularity principle, do not depend on the
values of images, do take into account the area of in-
terest, and do not require an ideal accuracy in the case
of loose normalization. Such criteria include mean,
root mean square, and maximum coordinate discrep-
ancies (see section Theoretical justification of the nor-
malization accuracy criteria).

2. For the case of projective normalization, an an-
alytical expression for the maximum coordinate dis-

crepancy was previously described in the literature.
This expression, however, was refuted by the authors:
it is shown that the supremum of the coordinate dis-
crepancy of 2D projective transformation on a closed
bounded set is not necessarily reached at the extreme
points of its convex hull (see item 7 in Geometrical
Criteria section).

3. Limits of applicability of normalization accuracy
criteria were introduced.

4. We proposed mean square and maximum coor-
dinate discrepancies as accuracy criteria of affine approx-
imation of projective normalization. It significantly re-
duces computational complexity when choosing optimal
affine approximations, and the problem of affine approx-
imation search has been studied analytically (Konova-
lenko et al., 2021).
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Роль проективных преобразований в нормализации изображений
И. A. Koнoвaлeнкoa,#, П. П. Николаевa,b

a Институт проблем передачи информации им. А.А. Харкевича РАН, 
127051 Москва, Большой Каретный переулок, д. 19, Россия
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141701 г. Долгопрудный, Институтский переулок, д. 9, Россия
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Анализ сделанного с произвольного ракурса изображения требует его предварительной нормализа-
ции – преобразования к такому виду, как если бы оно было получено с удобного для анализа ракур-
са. Данная работа представляет собой обзор современных методов, критериев точности и приложе-
ний нормализации разнообразных типов, а также описывает основные этапы становления этой
проблематики. Впервые единообразно рассматриваются два важнейших частных случая нормали-
зации, в литературе традиционно рассматриваемые независимо: первый включает вопросы только
геометрического характера, второй рассматривает исключительно цветовые аспекты. Плодотвор-
ность этого объединяющего подхода выражается еще и в том, что процедура нормализации оказы-
вается фундаментальным образом привлекающей двумерные и трехмерные проективные преобра-
зования с общим аналитическим аппаратом, безотносительно к цветовому и геометрическому ее
истолкованию для практических задач.

Ключевые слова: геометрическая и цветовая нормализация, проективное преобразование, матрица
гомографии, среднеквадратичная и максимальная невязки координат, критерии точности норма-
лизации, область интереса
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