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1. BBEAEHUE

YCTOMYMBOCTh HEOTPULIATEIBHOI KBaAPaTHOI 1 X n MaTpULILI A = (a,-j), a; 2 0, IOHMMAaeTCsl B Ha-
cTosIIIEei paboTe B CMBICIE JTOKAIM3alMK €€ CIIEKTpa BHYTPU eAMHUYHOro Kpyra. MHIMKaTOpbI yCTOM-
YUBOCTU — 3TO CPABHUTEIIBHO MTPOCThIE KOHCTPYKIINU, CBOASIINECS K KOHEUHOMY YHUCITY apudMeTrde-
CKUX OEMCTBUIA Haj 3JeMEHTaMM MaTpHULIbl, TO3BOJISIOLIME 1aTh OTBET HAa BOIIPOC O TaKOM JOKaIM3a-
muu. B cirygae MaTpull Majioro nopsiaka, T.e. IIpyu He O4eHb OOIBIINX /1, 3T KOHCTPYKIIMU MOTYT UMETh
BUJ, BITOJTHE 0003pUMBIX (POPMYIT, UTO MO3BOJISIET UCIIOIB30BaTh UX JJISI pellIeHUST 3a1a4 KaK TeOpeTHUIe-
CKOTO, TaK U IpakTudeckoro xapakrepa. [lomasisioiias ux 4acTh OTHOCUTCS K 00JIaCTU MaTeMaTu4e-
CKOI1 OMOJIOTUM.

Bort HEKOTOPLIC N3 HUX.

INepBag — mocTpoeHKe GUOJIOTMYECKOro NoTeHIIMaa nonyassiunn. ComepKaTeIbHbIA CMBICIT 3TOTO
MOTEHIIMAJIa — CPeIHEee YHUCIO OTOMKOB, TIPUXOISIINXCI Ha OOHY 0COOb B TeUCHUE BCEH €€ XKU3HMU.
31ech caeayeT yTOYHUTD, YTO IPUHMUMAIOTCSI B pacyeT TOJILKO Te IOTOMKM, KOTOPBIM YAAETCsI HE TOJIbKO
JOXUTH IO BO3pAcTa pOIUTEIsI, IPU KOTOPOM OHU ITOSIBUJIUCH Ha CBET, HO M 3aHSITh €T0 MECTO B PEIPO-
IYKTUBHOI CTPYKType HoItyisiuuu. [1py 3ToM HU caM BO3pacT, HA 3TO MECTO 3HaYeHUs He uMelor. [1o
YMOJIYaHUIO JJIsI XKMBOPOISIIMX IBYITOJBIX BUIOB IIPUHSITO CYMTATh TAKMM BO3pacTOM BO3pacT IJI0Ja,
IIPY KOTOPOM OH MOKUIAET YTPOOY MaTepy, OTPAHUYMBASICh TOJBKO TOM YaCThIO MOMYJISILIN, KOTOPAsT
MMPUHUMAET HEMOCPEACTBEHHOE YUacTUe B AETOPOXKIACHUHN, T.€. CAMKAMM.

s Mopneneil ¢ AMCKPEeTHBIM BpeMeHeM HanboJjiee XapaKTepHBIM MPUMEPOM OMOJIOTMIECKOTO M0~
TeHIMaa SIBJISIETCS MOCTPOEHHBIM B Moaenau Jlecau [1], koTopasi onUChIBaeT JUHEHHYIO TMHAMUKY
CTPYKTYPHPOBAHHOI IO BO3pacTy TMOMYJISIUN. B 3TOM Momenmn cOCTOSTHHS TTOMYJISIIIAY Ha TBYX MOCIIE-
TIOBaTEJIBHBIX MOMEHTAX BpeMEHU CBsSI3aHbI ITOCPEICTBOM HEOTPHUIIATEIFHONM MAaTPHIIBI Tlepexoaa (MaT-
puuibl Jlecaun). I1pu 3TOM 3KCITOHEHLIMAILHBIN POCT WM yYObIBaHUE OOIIEH YMCIEHHOCTU MOIMYISINN
OITIpEIEIITIOTCS JTOKAIN3aIIe TI0 OTHOIIIEHUIO K SANHUIIE CTICKTPAILHOTO pagnyca 3Toi MaTpuIiel. Ho
OHM TaKKe MOTYT OIPENeISIThCS TAKOM Ke JJOKaTM3aluei 6M0oJI0TMIecKoro IoTeHIInaIa TOMyJIsSTIInM,
MPENCTaBISIEMOrO B BUJE TTIOJJMHOMA OT JIEMEHTOB 3TO MaTPULIbl, KOTOPBIIF MOXET ObITh CKOHCTPYHU-
pOBaH Ha OCHOBE €€ XapaKTepUCTUIECKOTO IToJTMHOMA. JIpyrue 3amaun (HalmpuMep, B SITMICMUOIOT N
pOJib OMOJIOTUYECKOTO MOTEHIIMalla BBIMOJHIET KOAMDOUIMEHT paclHpOCTpaHEHUs SPIUJIEMUU, T.€.
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CpelHee YMCJIO BHOBb 3apak€HHBIX OT OJHOTO 3a00JIEBIIIET0) MPUBOAAT K HEOOXOAUMOCTU PaCCMOTpE-
HUSI TIPOM3BOJILHOTO Habopa IapaMeTpPOB CTPYKTYPUPOBAHHOCTH (CTaaANU pa3BUTHS, MECTOOOUTaHUE U
T.11.). bruonornueckuii moTeHIMaa Mpy 3TOM IIPUXOAUTCS CTPOUTD yKe IUIs1 Mojiesieii ¢ 6osiee O0IuMMU,
yeM B Mojenu Jleciun, HeoTpulaTeIbHBIMU MaTpUlIaMU Tiepexoa.

Bropas npobiema — noctpoeHrue (yHKIMOHAIOB OTOOpa B 3aa4ax 3BOJIOLMOHHONW ONTUMAJIbHO-
ctu. O TTIOCTAaHOBKE 3a/1ad TAKOTO poja cM. [2]. B 3Thx yxKe HeIMHEMHBIX 3a4a4aX YCTOMYMBOCTh YCTa-
HOBUBILIETOCS TIOJIOXKEHHUSI paBHOBECHUSI BO3MOXKHA TOJBKO B ClIydae 9KCTPEMaJbHOCTU CITEKTPaIbHbIX
XapaKTEePUCTUK JJIs1 OTpAaHWYEHUI BHIYMCIIEHHOIO B 3TOM MOJI0XKEHUU PaBHOBECUS SIKOOMaHAa MPaBoii
YaCTU MOAEIbHOM TUCKPETHON TMHAMUYECKON CUCTEMBI Ha HEHYJIEBble KOMITOHEHTHI 3TOTO IMOJIOXKe-
HUSI paBHOBECHUSI, COOTBETCTBYIOIINE BLLKUBIIUM BUIaM. BMeCTO 3TuX XapakKTeprUCTUK MOXHO UCTIOJb-
30BaTh MOHOTOHHO CBSI3aHHbIE C HUMU (DYHKLUMU. B 4acTHOCTH, Ha 3Ty pOJIb TOAATCSI OMOJIOrMIeCKIe
MOTEHIIMAJIbI MOTYJISILIAI U IPYTUe MHIMKATOPbl YCTOMUYMBOCTU MaTpull riepexona. OTMETUM, UTO 3a1a-
Y1 5BOJIIOLIMOHHON ONTUMAJIBHOCTA M3HAYAIBLHO TPEOYIOT aHAJTUTUUYECKOTO 3a1aHusl (DYHKLIMOHAJIOB
0TOOpa, He TIPUBSI3aHHBIX K KAKUM-IM00 KOHKPETHBIM 3HAYEHUSIM 3JIEMEHTOB MATPHULbI, TIOCKOJILKY
5TU (PYHKILIMOHAJIBI (DUTYPUPYIOT B 3aadaxX ONTUMMU3AUM II0 TTapaMeTpaMm orbopa. [1pu atom cyiue-
CTBEHHOE 3HaYeHHe MpruoodpeTaeT BO3MOXKXHOCTh PELIEHUS ONITUMU3AIIMOHHBIX 3a7a4 C y4eTOM JOCTYII-
HBIX JJIsI HUX CIIOCOOOB MOCTPOSHUSI YpaBHEHU, YUUTHIBAIOIIUX ITPOU3BOIHbBIE TIOCTPOEHHBIX (DYHK-
LIMOHAJIOB MO 3TUM ITapaMeTpaM.

OTnenbHBIE Pe3yJIbTAThl 10 MOCTPOSHUIO MHANKATOPOB YCTOMYMBOCTUA B paboTaxX, OpUEeHTUPOBAH-
HBIX Ha IIPWJIOXEHUS B 00JIaCTU OMOJIOTHH, HAa3bIBAEMBIX HapsiAy ¢ OMOJIOTMYECKUMU ITOTEHIIAIaMU
TakxKe MHIMKAaTopaMy NOTeHLUaIbHOro pocta (cM. [3]), ObLIM MoydeHBl B paMKax 000011eHUi Mojie-
1m Jlecnu, Takux Kak Momenu JlepkoBuua [4] u Jlorodeta (cm. [5], [6], mr. 9). K unciy Takux pe3yib-
TaTOB OTHOCSITCS TEOPEMbBI O CBSI3U MHAMKATOPA CYMMBI IBYX MAaTPULL ¢ THINKATOPOM MPOU3BEICHUS
OIHOI U3 HUX Ha BBIYMCIICHHYIO B €AUHUIIE PE30JbBEHTY Apyroii (cM. [7], [8]), 06 omHOpaHTOBBIX BO3-
MYILIEHUSIX HeOTpULlaTeIbHbIX MaTpull [9] u T.11. OOCyKaeHWe BOITPOCOB KOHCTPYUPOBAHUS U aHAIM3a
HEOTPHUILATEILHBIX MaTPUII, IIPUMEHSIEMBIX B TUCKPETHBIX ITOIYJISIIMOHHBIX MOIEIISIX, MOXHO HAaNTHU
B [10].

OnuH 13 BapruaHTOB UCIOIb30BaHMS MHANKATOPOB YCTOMUMBOCTH B 3aJa9ax MOJASIMPOBAHUS TMHA -
MUKW Pa3BUTHUS BUIOB, MEXaHU3M Pa3MHOXEHMSI KOTOPBIX HE OTPaHUYMBACTCSl €AMHCTBEHHOI CTaau-
eil, IIpOoIeMOHCTPUPOBAH Ha IIpUMepe UCCIICAOBAaHUS IIPOXOKICHMS XKMU3HEHHBIX CTAIUI IJISI OMHOTO U3
pacTUTEILHBIX BUIOB (TOYHEe M1t TpaBsiHUCcTOTO Braa Eritrichium caucasicum), cm. [11].

Pemenune 3amaun 0 MOCTpOEHUY MHAMKATOPOB YCTOMYMBOCTHU ITOITYTHO ITO3BOJISIET OTBEYaTh W Ha
OoJiee yTWIMTapHBIE BOIPOCHI 00 YCTOMYMBOCTM UMCJIIEHHO 3aJaHHBIX HEOTPMILATEIbHBIX MaTpPHII.
31ech yxKe oTIaaaeT HeOOXOAMMOCTbh OrpaHUYMBATHCS MAJIBIMU TTOPSIIKAMU, TIOCKOJIbKY MCYE3aeT BOC-
TpeOOBAHHOCTD B IBHBIX (hOpPMYJIax OT 3JIEeMEHTOB MaTpuLbl. I1py 3TOM 1IsT pac4eToB B OOJILIIMHCTBE
CJly4aeB MOXKHO BOCIIOJIb30BAaThCs BeChMa OOIIMPHBIM HA0OPOM yCTaHABIMBAIOIINX TaKylO YCTOMYM-
BOCTb KPUTEPUEB, BKJIIOUAIOIIUX KPUTEPUU HEBBIPOXIECHHOCTH M-MaTpull (cM., Harmpumep, [12]).
MHorue 13 3TUX KpUTEepUEB BIOJIHE MPUTOIHBI IUISI IIOCTPOSHUSI MHANKATOPOB YCTOMYMBOCTUA B 000-
3HAYCHHOM BhbIIIIe cMbIcie. OMHAKO B psJie BHIPOXACHHBIX CIydyaeB, KOTOPBIE PETYISIPHBIM 00pa3zoM
MOTYT BCTPEYaThCs TOJBKO B CUCTEMaxX C MapaMeTpaMu, IOAX0/Ibl, OCHOBAaHHbIE Ha 3TUX KPUTEPUSIX,
MOTYT JaBaTh OCeYKy. Tak, HallpuMmep, KpUTepuH, Oa3UpylolIuecs Ha IIOJIOXUTEIbHOCTU BEIyIINX
[JIABHBIX MUHOPOB, B BBIPOXAECHHBIX CIydassX MOTYT HOPOIUTH (byHKIIMIO, HE IPUTOAHYIO IJISI POJIU MH-
nukaTtopa (cM. mpumep B [13]).

B Hacrosiee BpeMst mMeeTcsT OOJIbIIOe YMCIIO cTaTeit, MoHorpadmii, paboTaroNINX BEIYMCINTEITh-
HBIX MIpOTpaMM, TaK WJIM MHAye CBSI3aHHBIX C PEIICHUEM JIMHEMHBIX 3a/1a4, BKJIIOUasi UCCIeI0BaHUE
CIIEKTpaJIbHEIX CBOMCTB MaTpuil. B pamMKax cTaHIapTHBIX ITOCTAHOBOK IIPEACTABIIEHHBIX B HUX METOIOB
BITOJIHE IOCTATOYHO, YTOOBI OTBETUTHh HA KOHKPETHBIE BOIIPOCHI, BOZHUKAIOIINE B IIPOIECCe U3YISHUST
CJIOXKHBIX CUCTEM, BKJTFOUAIOIIUX OMOJIOTUYECKE COODOIIECTBA U YUUTHIBAIOIIMX B3aUMOIEAICTBIE MEX-
Iy HuMU. TeXHUKY KOHCTpYUPOBaHUS IIPSIMbIX YMCJIEHHBIX aJITOPUTMOB 32 KOHEUHOE YHMCJIO UTEpallii,
JAIOIINX TOYHBIM OTBET HA BOMPOC 00 YCTOMYMBOCTU KOHKPETHOI MaTpUIIbl, MOXKHO 0€3 0COOBIX 3a-
TPYIHEHUI BOCIIPOU3BECTH, Oa3UpysiCh Ha aipoOMpoBaHHbIX nMakeTax B cucteme MATLAB, eciiu npen-
BapuUTEJIbHO BOOPYKMThHCS JIeXKaIllEl B IX OCHOBE TEOPETUYCCKOM 0a30i1, M3IOXKECHHOM, HalIpuMep, B
MmoHorpadusax [14] n [15]. [TocaenHsst U3 TIepeYNCIIEHHBIX MPEICTaBIsIeTCsT Hanbosee cBeXel Kak ¢
TOYKY 3pEHUSI OPUEHTALIMM Ha HOBEUIIINIT BBIYMCIUTEIbHBIM MHCTPYMEHTAPUIA, TaK 1 IO OXBaTy (puUry-
pupylolleil B Heit 6ubimorpaduu.

KitoueBoit 0cOOEHHOCTBIO MPEACTaBICHHOIO B HACTOSIIEH paboTe ToaxXoaa SBJISIOTCS MPOCTOTa U
YHUBEPCAITBLHOCTh TTPU PEIIeHUN KOHKPETHOM 3amadyn 00 YCTOMYMBOCTH HEOTPULIATSIIBHOM MAaTPUIIBI,
3aaBaeMoOli KaK YMCICHHO, TaK U MapaMeTprUIecKr. Bo3MOXXHOCTB TaKOTO 3aJaHuUsI O3HAYAET JOTTYCTH -
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MOCTbB BBIPOKICHUI, HETIPHEMIIEMBIX C TOYKH 3PEHMS HEITOCPEICTBEHHOTO NCITOJIb30BaHUS CTAHIAPT-
HBIX aJITOPUTMOB. DTOT MOAX0M 0a3upyeTcss Ha alropuTMe, 000CHOBAHME KOTOPOTO MOXHO HailTH B
[13]. OH OyneT BecbMa IOJIE3HBIM B KaUeCTBE ajlbTePHATUBBI TAaKXKe IS TEX YUEHBIX, KOTOPbIE CTaJKU-
BaIOTCS B CBOCH MESITETLHOCTH CO CIIOKHBIMU JIMHEHHBIMUA 3a1a9aMU JIUIIH STTU30ANIECKHU, YIS OC-
HOBHOE BHUMaHUE HE TEXHUUECKUM, a COACPKATeIbHBIM acTieKTaM CBOUX HMCCIIeTOBaAaHUIA.

Oco0eHHO 3(hheKTUBHBIM 0003HAYEHHBIM AJITOPUTM OKa3bIBAETCS B CIydae pa3pekeHHbIX MaTPUII,
npuyeM 3(EOEKTUBHOCTL OBICTPO BO3paCTaeT IO MEPE COKPAILeHUS 10U HEHYJIEBBIX 3JIeMEHTOB. bo-
Jiee TOTO, TI0 Mepe TAaKOTO COKpAIIEHUs CHIDKAETCS HeOOXOIMMOCTb TOYHOTO 3aJaHusI BCe OOJBIIIETO
yycia 3JeMeHTOB MaTpulbl. DopMysibl, 3agatolire MHAUKATOPHI YCTOMYMBOCTU IJIsl pa3pesKeHHBIX
MaTpHIl, MOTYT OKa3aTbCsl CPABHUTEIBHO IIPOCTHIMU AaKe B ciiydae O0JbIINX MTOpsAKoB. [Tpu aToM ciie-
IyeT IpUIaBaTh 3HAUEHME TOJIBKO TEM 3JIeMEeHTaM, KOTOphIe (hUTypHpPYIOT B TaKuX hopmyrnax. Ha atom
IyTY BeChMa IMOJIE3HBIMU MOTYT 0Ka3aThCs METOIbI IPEABAPUTEIbHOM ITepeHyMepallii B MATPULIE C 3a-
JTaHHOM CUMMETPUYHOM CTPYKTYPOIl pa3pekeHHOCTH, IIIMPOKO MpeacTaBlIeHHBIe B MOHOTpadum [16].

Llenpio HacTosieit paboThbl, TOMUMO U3JIOXKEHUSI OCHOBHBIX METOAOB MOCTPOCHUS MHAMKATOPOB
YCTOMYMBOCTH HEOTPHUIIATEIBHBIX MATPUII, OPUEHTUPOBAHHOTO IMPENMYIIIECTBEHHO Ha IIeJTbHOCTD W3-
JIOXKEHUSI, SIBJISIETCSI CCJIEIOBaHME BOIIPOCOB, KACAIOIINXCSI CBOMCTB HEMPEPhIBHOCTU 3TUX UHANKATO-
pPOB B 3a1ayax o0 apaMeTpUueCcKoil IToTepe YCTOMUMBOCTU TPUBUAJIBHBIX PABHOBECHBIX COCTOSIHUM TN -
HaMHYEeCKUX CHCTEM U BOTIPOCOB CIOXHOCTHU TOCTPOCHUS MHINKATOPOB Pa3peskeHHBIX MAaTPHII, HO-
BOJIbHO 4YaCTO BCTPEUYAIOLIMXCSI MpPU PEIICHUM 3adad MOIYJISLMOHHOM NMHAMUKHU B YCIOBUSIX
pacnpeaeaeHus TIo0 MHOXECTBY apeaioB, UMEIOIIIMX MeXIy co0oit penkue cBsi3u. B yacTHOCTH, 3TO OT-
HOCHUTCS M K 3a7a4aM pacIIpoCTpaHEHUS SITUASCMHI MeXITY JTOKATN30BaHHBIMUA MECTOOOMTAaHMSIMHA Ha-
ceJIeHUsI, B3aMMHBbIE TIepeMeIlCHUSI MEeXXIy KOTOPBIMU KpaiiHe He3HAUUTEIbHBI.

2. HEKOTOPDBIE OITPEAEJIEHUA

ITycte M,, — MHOXKECTBO BELLIECTBEHHBIX /1 X 1 MaTpull A = (a,.j),i,j =1,...,n, M: ={4eM,: 420}

(HOCJ’ICIIHCC HEPpaBEHCTBO O3HA4Yac€T BbIMIOJIHEHHWE COBOKYITHOCTHU HEPABCHCTB a; >0 @1 Bcex

i,j=1,...,n), I =(§,) — enmunuHas mMatpuua, 6(A) — crekrp MaTpuubl A € M,,, n = dim A — ee 1o-
pSIIoK, r(A) = max {|k| W= G(A)} — cnekTpanbHblii paguyc, P(A, A) = det(A] — A) — xapakTepucTu4e-
CKU MOJIMHOM MATPULIBI A, || . || — HOopMa (BEKTOpa, oriepaTopa).

Ilon nepenymepayueii B Matpuie A € M,, Mbl IOHMMaeM OJHOBPEMEHHYIO IEPEHYMEPALIMIO €€ CTPOK
1 cTOJIOOB. IaBHast k X k moaMaTpuua J mist n X n Mmatpullbl A ¢ k < n (mumem J < A) — 2To Nox-
MaTpulla MaTpULIbI A, 3aHUMaloIIast BEPXHIOIO JICBYIO ITO3UIINIO TTOCIE TIOAXOMSIIEH ITepeHyMepaluy B
nocjenHei.

Ipagh mampuyvr A € M; — 3TO OpUEeHTUpPOBaHHBIN Tpad I'(4A) ¢ MHOXECTBOM W3 # BEpPIIWH
W ={1,...,n} M HalIpaBJICHHbIMU 3BEHbSIMU j — { MEXIY HUMH, COOTBETCTBYIOLIIMMU HEHYJICBbIM dJie-
MeHTaM a; MaTpullbl A. [lepeHymepaiiu B MaTpHiie A COOTBETCTBYET EPEHYMEPAaLisi MHOXECTBA Bep-
wuH W rpada I'(4). Cmpykmypa epagha T'(A) — 3TO Kinacc 3KBUBAJEHTHOCTH T10 OTHOILIEHUIO K TaKOM
nepeHyMmepalnuu. B 4rciao cBocTB, OTHOCSIIUXCS K CTPYKTYype Tpada I'(A4), BXoasT Takue, KaK HaJIu-
Yyue U CBOMCTBA IMKJIOB Y rpaca, CTpyKTypa paktop-rpacda rnpu OTOXAECTBIEHUU BeplirH rpada I'(4),
pacCMoJIOXKEHHBIX Ha 1IMKJIax, YUCJIO U XapaKTep HECBA3HBIX MEXIY COOOI KIaCcTepOB TaKOTO (haKTop-
rpaca, IpeacTaBIsSIoIIMX COO0H IEMOYKM, DJIEMEHTBI KOTOPBIX COOTBETCTBYIOT HEPA3JIOXKMMBbIM IJIaB-
HBIM TToAMAaTprIIaM MaTpUllbl A. B Unciio Takux CBOMCTB BXOAUT M CBOMCTBO HEPa3I0XKMMOCTU MaTpU-
116l A, 3aKJIr0Yalolleecs B CyllIeCTBOBAaHUU Ha ee rpade 3aMKHYTOTO IyTH, OOXOISIIIEeTO BCE €ro BEPIn-
Hbl. [Tonxoasueit nepeHymepalnueil B MaTpulie A €€ MOXKHO MPUBECTU K OJIOYHO-TPEYTOJIbHOMY BUILY C
KBaJIpaTHbIMU HEPA3JOKUMBIMU OJIOKAMU Ha IJIaBHOM AMaroHau.

Matpuiy A= (a}-) C a; = sign a,-j(k) Mbl OyJ1eM Ha3blBaTb CMPYKMYpPOU pa3pedceHHocmuy MaTpUllbl
A= (aij) e M. Cemeiicto Matpuil A(A) € M, uMeroLMX OGLIYIO CTPYKTYPY Pa3peXeHHOCTH, UMEET

u obuumii rpad 1“(121) = T'(A(A)), ¥ HAOGOPOT, TaK YTO 3BeHY j — i rpaca Matpuiibl I'(A(L)) cooTBET-
CTBYET 2JIEMEHT CTPYKTYPhI Pa3PEXEHHOCTH d; = 1. 3aMETUM, YTO OTHOILEHHE IKBUBAJIEHTHOCTH Mar-

pHLI, 3aKJTI0Yalolieecs B HAIMIUY OOIIEi CTPYKTYPHI Pa3peXeHHOCTH, SIBIIIeTCS 60Jiee CUIILHBIM, YeM
OOIIHOCTB CTPYKTYpP UX rpadoB, pa3inyasicCh BO3MOXHOCTBIO IJISI TOCASIHUX ITIEPECTAHOBOK B MaTpUIIE.

Marpuiia A = (a;) ¢ cummempuHol cmpyKmypoil paspeiceHHoCmu OTIPENeIISICTCs] YCTOBUEM: &ij =q

jit
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3. UHIUKATOPbI YCTOMYKMBOCTHU

[ABe pynkumu f, : Q — M,,1 uf,: Q- an C OJTHOM M TOM K€ 001acThIO onpeneacHus 2 Takue, YTo
JUIST 11000T0 (O € € BBHIIIOJIHEHO PaBEHCTBO

sign (7 (f; (w)) — 1) = sign (r (/3 (®)) - 1)
MBI Ha30BEM F-3K6usdaseHmHbimy (CUIMBOJI ¥ 3[IECh O3HAYAET, UTO OTHOIIIEHNE SKBUBAJIECHTHOCTH OITpE-
JIeJISIeTCSI CBOMCTBAMM CIIEKTPAJILHOTO panuyca 3HaueHUi atux pyHkuuii). B cinyyae n, = 1 dyHKuuM10
f>» P-9KBUBAIEHTHYIO QYHKIIMHU f; C 00JACThIO ONpENEIeHUS {2, HA30BEM €€ UHOUKAMOPOM YCIMOUUUBO-
cmu (WK ¢ Y4ETOM 00J1aCTU 3HAYEHU MOoCIeAHEN — MaTpuLbl f; Ha MHOXecTBe Q). MMeeT MecTo cie-
nyromas (cm. [13])

k

Teopema 1. Toxcdecmeennaa gymxuus f, : A, — A, € My, A, = (a,-j), ¢ o0baacmoio onpedeneHus

M; N {Ak : a,’fk < 1} r-sKeueanenmua ynkuyuu f, A, — A, € Mj_ c A_, = (a,-kfl) eM;  u

;71 _ ai/; A Ay ' (1)
[lepexon ot MaTpuubl 4, nopsiaka k K Matpule A,_, nopsiaka k — 1, onucaHHblii B GOpMyIUPOBKE
TeopeMbl 1, MBI OyzieM Ha3bIBaTh IPOLEAYPO cokpaulenus nopsoka (mau CII-memodom).
3ameuanue 1. [Ipouenypa cokpallleHus Mopsiika UMEEeT OUeHb MPOCTO M HaMISIAHBINA cMmbici. OT
MaTpHIIbl OTPE3AIOTCS MOCIENHUE CTPOKA U CTONIOELL, a K KaXI0MY U3 OCTaBIIMXCS 3JIEMEHTOB MpubaB-
JISIETCSI TIPOU3BEACHNUE OTPE3aHHBIX, UMEIOIIMX C HUM OOIIYIO CTPOKY WJIM CTOJIOEI, IeJIEHHOE Ha pa3-

HHUILY MEXOY CIVHULIEHT U OTPE3aHHbIM JMaroHaJbHBbIM 3JICMCHTOM MaTpUIIbI. DJIeMEHThBI MaTpuLbl Ak ,

k-1
ucronb3yemMbie B hopmysie (1) Uit BBIMUCICHUS SJICMEHTa a;  MaTPULBl A, BBIICJICHBI B €€ Tpel-
CTaBJIeHUM BUA:

k k
a; | ay

A = |
I B
k k
Qe | au

B tepmunaxrpadal’, = I'(4,) MaTpuLbl 4, omMCcaHHasi Mpoueaypa B ciiyyae a;, < 1 CBOIUTCS K yaa-
JICHUIO k-1 BEPLIMHBI C 3aMEHOM KaXXKI0i MPOXOAsIIel yepe3 Hee Lenodyku j - k — i ci,j <k, Ha
3BE€HO j — i Y YAAJICHUIO IIOBTOPHBIX 3BEHBEB, TaK YTO 3BEHO j — i MpuHamIeXUT rpady I',_, Torna u
TOJIBKO TOTAA, KOrna Ju0o oHO npuHaiexano rpady I', , 1ubo nocnenHemy npuHaaiexanu odba 3seHa
J = kuk — i.TIlocnenosarenbHoe (n — 1) KpaTHOE NOBTOPEHME TIPOLIEYPbI IOCTPOCHMSI IT0 MaTPHLIE
A, Matpuubl A,_; ¢ ssmeMeHTamMu U3 (1), eciu TaKOBO€ BO3MOXHO, MO3BOJISIET MOJAYYUTh UHAUKATOP
YCTOMYMBOCTU WCXONHOU MaTpuuUbl A = A, = (a,;’ ) IIpensaTcTBUSIMU 1JIsi BBEIIOJIHEHUSI OYEPEIHOTO
11ara MOTyT OBITh CJIeIyIOIIKE.

k
1. OuepenHoe a;; > 1. B atoM cayuae r(A,) > 1, Tak 4TO B CUIIy TeOpeMnl r(A4,) > 1.
2. Ouepennoe ay, =1 u [ <kad #1.B i -
. pen e /IS HEKOTOPOTO HOMEPA i aj; . B aTOM cnyyae nonxonsiieit nepeHy
Mepalueil B MaTpuLe A, , IEPEBOAALIEHA TaKOM 3JIEMEHT MaTPULILI B HUXKHUNA NIPaBbIil yrojl, MOXHO 10-
k
OUTBCSL TMOO0 BO3MOXHOCTU MIPOIOKEHMSI MpoLenypsl (B ciaydae a; < 1), 1100 BBITOIHEHUS ycaoBuUs 1
k
(B cnyyae a; > 1).
k .
3.Bcea; =1,i < k.BaToM cnyuae BO3MOXHBI 1Ba BADUAHTA.

3.1. CyluecTByeT Hepasioxumasl IlaBHas noamaTtpuua J C A, mopsiaka, OoJblliero equHuibl. B
aTOoM ciayyae #(A,) = r(J) > 1, Tak 4To B cuity Teopemsl r(A,) > 1.

3.2. [oaxopsiieil mepeHyMepalueit B MaTpulie A, MOXHO MPUBECTH €€ K TPEYTOJIbHOMY BUIY C €11~
HULIAMU Ha DIAaBHOI nuaroHanu. B atoMm cayuae r(A,) = 1, Tak 4To B cuily Teopemsl #(A4,) = 1.
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3ameuanue 2. [IprBeIeHHBIX 3€Ch PE3yJbTATOB JOCTATOYHO JJII IPOBEPKH YCTOMUYMBOCTH HEOTPH -
LIaTeJIbHOI MaTPULIBI B cllydae YMCICHHOTO 3adaHusl ee 3JeMeHTOB. [1p1 5ToM He0OXOAMMOCTD B TIepe-
HyMepalusx, Kak IIpaBuiio, OTIAgaeT U3-3a OTCYTCTBUS B peaIbHbIX 3a7ayaX TOYHBIX ITONAagaHuii ie-
MEHTOB MCXOIHOI MaTpUIIBl HAa 3HAYEHUS, 00eCIIeYnBalOIIe BEITIOJIHEHNE YCIIOBUI TUIIA paBEHCTBA,
IIPY KOTOPBIX TaKasi HOTPEOHOCTb MOXET BO3HUKHYTh. [10CKOIBKY 3TU 3HAYE€HUST OTJIMYHBI OT HYJIS, TO
OT ITOAOOHBIX YCIIOBUI MOXKXHO M30aBUTHCSI CKOJIb YTOJHO MAaJIBIM BO3MYILIEHUEM MOJIOXUTEIBHBIX DJIe-
MEHTOB MaTPUIIbI, COXPAHSIS TEM CaMbIM €€ CTPYKTYPY Pa3peKeHHOCTH.

BoipaxkeHus 111 ”HAUKATOPA YCTOHYMBOCTY MaTpULIbl B BUIE (hOPMYJIbI OT €€ 3JIEMEHTOB 0e3 MpU-
BSI3KM K MX KOHKPETHBIM 3HAUEHUSIM MOXHO MOJYYUTh MyTeM MHOTOKPAaTHOTO MPUMEHEHMUs ToACTa-
HOBKH (1), coKpalliasi mocjie10BaTe]IbHO MOPSIAOK MaTPHUILIbI BIUIOTh 0 €IMHUYHOTO, T.€. BBICTpanBas B
COOTBETCTBUM C TeopeMoii 1 ienouky

A > A — ... A =(a1'1). )

1 o
[MonyyaeMoe B pe3sysbraTe BBIPaXXEHUE g, BIIOJIHE MPUTOIHO Ha POJb MHAMKATOPA YCTONYMBOCTU
MCXOOHOM MaTPULIbI C IBYMSI OTOBOPKaMU.

1 o
IlepBas. BelpaxeHue ag;; NpeacTasisieT CO00 MHOTO3TaXKHYIO IPOOb OT 3JIEMEHTOB MaTpHULIbI, KO-
TOpas yKe IPY CPaBHUTEIbHO HEOOJIBIINX NOPSIKAaX CTAHOBUTCSI HEOOO3PUMOIA.

Bropas. Ha xaxmoit utepaliuu mpu MOCTPOSHUHU LIETIOYKU (2) TpeOdyeTcsl oroBapMBaTh B KauyeCTBE

k
TOTIOTHUTETHFHOTO YCIIOBUS BHITIOIHEHE HEpaBeHCTBa a,, < |l mia k = 2,..., .

o k
HOCJ’[C}IHI/IC YCJI10BHUA MOXKHO 0CJIa0OUTH JO YCJIIOBUUA Ay # 1 TO‘IHCC NMMECT MCECTO ciieayromiasn
(em. [13])

k
TeopeMa 2. @yHKI/;L{}l F(An) = kmax {Clkk}, BbIYUCACHHAS NOCAC008AMENAbHBIM npuUMeHeHuem nodcmato-
=1,...n

+ <
6ok (1) npu k = n,...,1 Hauunas c A, = (a,;’-) € M,, aeasemca uHOUKAmMoOpom yCmouuugocmu mampuybsl A,

Ha noomnoxcecmeée M, Hes6HO 3a0a6aemom NOCPEOCMEOM YKA3AHHbIX NOOCMAHOB0K HepaGeHCmeEamu
k
ay, =1, k=mn,..,2.
k
3ameuanue 3. HepaBeHcTBa g, # 1 B TeopeMe 2 MOXHO IIPOUTHOPUPOBATh, ECAM JONMYCTUTDH OECKO-

HEUYHbIE 3HAYEHUS JJIS1 JIEMEHTOB MaTPULL A, C MCIOIb30BaHUEM CIIEOYIOIINX JOTOBOPEHHOCTE: 1)

ISt MaTpuLbl A = 0 ¢ 66CKOHEUHBIMHU dJIeMeHTaMu r(A) = sup r(A).2) 0_ 0-00=0.
0<A'SA,| A< 0

4. TIOTEPS1 YCTOMYMUBOCTU MPU UBMEHEHUU TAPAMETPOB

®dynkuus F(A) matpulibl A > 0, TOCTpOEHHAsI B IIPENbIAYIIEM Pa3ieiie, XOTs U SIBJISIETCS pellleHUeM

3aJla41 0 KOHCTPYMPOBAaHMUM MHIMKATOPA YCTOMUYMBOCTH, HO HEe 00/1a1aeT IJ1aIKOCThIO, II03BOJISIOIICIH

3(pPEeKTUBHO UCIIOJIL30BATh €€ B 3aa4ax IIpaKTUIeCKOro xapakrepa. K 41ciy TakoBbIX OTHOCUTCS 3a-
Jla4a o ToTepe YCTOMYMBOCTU TPUBUAIBHOTO MOJOXKEHUSI PABHOBECHUS CUCTEMBbI

u(t +1) = AM)u@@) (3)

[P HEMPEPBLIBHOM U3MEHEHUHM mapameTpa A. B cucteme (3) u > 0 ecTh n-MepHBIil BEKTOp, A — HaboOp

MapaMeTpOB, MPUHAIIEXKALINX HEKOTOPOMY TOIIOJIOTMYECKOMY ITpOCTpaHcTBY A, A(A) € M: MpU Kax-

noM A. B ciyuae HOpMUPOBAHHOTO A U IIaAKOro oTobpaxeHus A : A — M), A = A(A), Ipu uzMeHe-

k k
HUU A Bce BbIpaxkeHus ai, (A) = a,,, k = 1,...,n, BeluucIeHHbIe cortacHo (1), OyayT 1aaKo U3MEHsSITh-

cs, €CJTM BCe OHM, KpOMeE, OBITh MOKET, all (M), ocTaroTcst MEHBITUMHU eAVMHUILIBL. B 3TOM citydae a,l {(A) s1B-
JIIeTCd DIagKoi (GyHKIMENH OT A, M 3HAK €€ OTKJIOHEHHs OT €IMHMIbI COBHANaeT C aHAJIOTMYHBIM
3HAKOM JIJISI CTIEKTPaJIbHOTO panuyca #(A), T.e. Tpy YKa3aHHOM JOTIOJTHUTEbHOM OTpaHWYeHUM (hyHK-
LS al1 L(A) MOXeT BBITIOJTHATB POJTb MHIUKATOPA YCTOMYUBOCTH MaTpUIlbl A(A) = 0, mpuyeM yxe 1ocTa-
TOYHO TJIaKOTO TSI OTIEPUPOBAHUS ¢ HAM B 3aavyax, TPEeOYIOIINX ydeTa ITPON3BOIHBIX.

IMpuBoaMMast HUXKe TeopeMa NMpeaHa3HauYeHa JJIs1 BbISIBJICHUSI CBOMCTB HEMPEPbIBHOCTU UHIUKATO-

POB YCTOMYMBOCTU MAaTPULIbI 10 BXOAHBIM IapaMeTpaM, Tak 4To A = {A} — HEKOTOPOE TOMOJIOrNYeCKOe
MIPOCTPAHCTBO.
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Teopema 3. ITycmo cemeiicmeo mampuy, A(N) C M, umeem o6uyio HepazLoicuMmyro CmpyKmypy paspe-
ocennocmu A = (;), Henpepbieno 3agucum om N, u 6ce HeHynegble INeMEHMbL PABHOMEPHO NO \, 02PaAHUHeHb
cruzy: a;(\) > a > 0. [lpednonoxcum, ymo 045 nekomopoii nocredoéamenviocmu {\.,} 6binoaHeHbl c1edyio-
wue ycaoeus:

DA, = Ay npu p — oo,

2) r(A(L,)) <1 npu ecex p € N;

3) r(A(\y)) = 1.

Toeda a, (X)) =1 0aa a,,, eviuucaennozo CII-memodom (1).

Jlemma. Umepayuonnas npoyedypa (1) é cayuae nosoxcumenvHocmu 3Hamenamenell cCoxpaHsiem Hepas-
A0ACUMOCb MAMPUY,.

JIoKa3aTelbCTBO JIEMMBI CIIeAyeT U3 COXPAaHEHUSI BO3MOXHOCTHU ITIOCTPOSHMS IyTU U3 OOHOI IpOun3-
BOJIbHOI BEpPIIMHBI B APYIYyIO BIOJIb rpada HepasJoXMMOM Marpunbl. Tak, ecium IyThb B rpade

I', = T'(4,) npoxoaui yepe3 BBIKUABIBAEMYIO B IIpOLieCCE MPUMEHEHMUS ajnroputma (1) BepLnHy ¢ HO-
.k k..
MEPOM k , T.€. UMEJI HEKOTOPBIE 3BEHbs j — kK U kK — i (MHIEKC k Hall 3BEHOM — 3TO uHIekc rpadal’, ),

k
ik

k
COOTBECTCTBYIOIIME IMOJIOXKHNTECIbHBIM 3JIEMCHTaAM akj " a; , TO COTJIAaCHO (1) 6y,I[CT BBIITOJIHEHO HEPABCH-

k-1 .k k_ .
cTtBO @; > 0, Te. memoyka j — k — i B rpade I'; mocie npuMeHeHUsT 0YEPEeHOTO 1Iara aaropuTMa
3aMEeHMTCS Ha cTaruBaroliee 38eHo j =L j B rpacdbe I',_;. TakuM 06pa3oM, st THOOBIX JABYX BEPIINH

rpada I',_; MOXeT OBITb IOCTPOEH COECAVHSIOIIUI UX ITyTh. DTO JIMOO CTapblii yTh BAOJb rpada I', B
clly4yae, €CJIM OH HE MPOXOAWJI YEPE3 BEPLIUHY C HOMEPOM Kk , TUOO MYTh CO CTSITMBAIOLIUM 3BEHOM BME-
CTO IBy3BEHHOI LIETIOYKU B CJIydae, €CJIM 3Ta BePIIMHA BCTpeUYaeTcs Ha IyTU BRoJb rpada I .

Joka3artesbcTBO TEeOpeMbl. B yC10BUSIX TeOpeMBbI LISl BCEX KOHEYHbBIX p BBIMOJIHSIOTCS HEPABEHCTBA
r(A(L,)) <1, tak uto F(A(A,)) <1, ¥ B CUIly NONOXUTEILHOCTH 3HaMeHateseil B (1) Bce MaTpUIIbI
A(\,), 1 =1,...,n, HEOTPULIATEJbHBI U C YIETOM JIEMMBI HEPA3/IOXUMEL. Bosee Toro, Bce OHM UMEIOT
OOILYIO CTPYKTYPY pa3pekKeHHOCTU ,:1,, a crajno ObITh, U Tpad I';, = I‘(/Al,). W3 HenmpepbIBHOCTU CIIEK-
TpaJIbHOTO paguyca 1o ITapaMeTpaM B YCIOBUSIX TEOPEMBbI MOJIy4aeM CXOIUMOCTh r(A(kp)) — 1—0 npu
p —> °, a 3HAYUT, U CXOOUMOCTb F(A(ML »)) = 1—0, nmerolIyio B CBOIO 04epe/ib CJACACTBUEM CXOIM-
MOCTb a,'fk(k ») — 1 =0, mo kpaiiHeil Mepe, IJIsl OAHOTO k > 1 Ha HEKOTOPO# MOAIMOC/IENIOBATEIbHOCTH
MOCJIENOBATENILHOCTH {p}. BeIOEpeM MUHUMAaIbHOE k U3 YMCJia TEX, IJIS1 KOTOPBIX TaKasl MOAIOCIE10Ba-
TEJILHOCTh CYIIECTBYeT U OymeM 0e3 orpaHMYeHUSI OOIIHOCTU CUMUTATh 3Ty IOMITOC/IEAOBATEILHOCTh
COBIIaJalolIeii ¢ caMoii TocienoBaTeIbHOCThIO {p}. [l moKka3ateybCcTBa TEOPEMbI JOCTATOUYHO TOKa-
3aTh, 4TO kK = 1.

IIpenmnoyioxxuM, 4TO MOCTPOEHHOE BhILIIE k > 1, TaK YTO IJisl HEKoToporo € > Q0 uBcex/ =1,...,k —1
BBITIOJIHAIOTCS HepaBeHCTBa () < a;,(kp) <1-¢enpu p — . HazoBeM 3BeHO j $ i rpada I'; ommeuen-
Hoim, ecy 111 moooro C > 0 Haiinercst p € N Takoe, 4To a,-lj(k ») > C. OkasbiBaetcst, uto eciu rpad I
VIMEJI OTMEYEHHOE 3BE€HO, TO U rpad I';_; Takke Oy1eT UMETh OTMEUEHHOE 3BEHO. JIeiCTBUTENBHO, B CIIy-
yae,ecnul # j ul # i, To OTMEYEHHOE 3BEHO j L rpada I', OyAeT CIyXUTb TaKxKe OTMEYEHHBIM 3Be-
HoM j =5 i rpadaT,_,. B Kaxk1oM U3 aJibTepHATUBHBIX CJTy4acB B KAUECTBE OTMEYEHHOTO 3BEHA MOX-
HO MCIIOJIB30BAaTh 3B€HO h —=L5 i, cTaruBarollee LEenouky A Ny N cayyae [ = j,u j = g, cra-
rMBarounlee LUENo4ykKy j ENYREN q B cinydae [ = j. To, 4TOo HailmyTcd A c a,lh(kp) >a >0 B NIepBOM U3
YKa3aHHBIX CIIyYaeB U g C aé,(?» ») > a > 0 BO BTOpPOM, CJIe[lyeT U3 HEPa3I0XKUMOCTH MATPUIL] A (A) v ux
MOHOTOHHOCTHU MO YObIBaHUIO / B cIyyae MOJ0XUTENbHOCTU 3HamMeHareseit B (1).

ITycTh Tenepsb, Kak 1 B 10Ka3aTeAbCTBE JIEMMBI, 1IEITOYKa j Ny N rpacde I', nocye npuMeHeHUs
odepenHoro mara anropurma (1) 3ameHsieTcst Ha cTaruBarolnee 3seHo j —= i B rpade I'y_,. [Tockosb-

k
Ky TIPU p —> o> UMEET MECTO CXOAUMOCTh akk(kp) — 1-0, To B cuity (1) OyaeT uMeThb MECTO aCUMIITO-
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k—1 . — .
TMKa g; (A,) — oo, T.¢. 3BeHO j —=15 | OKa3bIBaeTCs OTMEUEHHBIM. JIOKa3aHHOE BbIIlIE HAC/IEJOBAHNE
OTMEYEHHBIX 3BeHbeB B rpadax uenouku I',_, — ', — ... = T'| ¢ ydeTOM HaIM4MsI TAKOBOTO B HaYaje
LIENIOYKH BJIEYET CylLlIeCTBOBaHME OTMeUeHHoro 3seHa u 'y I';. Ho 31oT rpad nmeet eAMHCTBEHHYIO BEp-

. 1
1KHY {1} ¥ eIMHCTBEHHOE 3B€HO 1 — 1, TaK YTO MpHU CAeTaHHOM NpPenonoxeHuu limsup a;(A,) = oo,
P>
YTO TMTPOTUBOPEUYUT YCIIOBUIO 2) TEOPEMBI.

W3 nokasaHHOI TEOPEMBI CIEAYET, U4TO IJIsT ceMeiicTBa MaTtpull A(A) > 0, IMEIOLINX OOLIYIO CTPYK-
TYpy pa3peXXeHHOCTHU, ITOTEPI0 YCTOMYMBOCTH, CBSI3AHHYIO C MpeonojecHueM byHkiuein F(A(A)) enn-

. 1
HWYHOTO 3HAYEHUsI, MOXKHO OTCIIETUTD MO eAUHCTBEHHON (YHKIIMU ) (A).

B ciydae korma paccMaTpUBaeTCsl CEMENCTBO PasIoKUMbIX MaTpull A(A) = 0, UMEIOLIUX OTMHAKO-
BYIO CTPYKTYPY Pa3pesXeHHOCTH, IJISI UCIIOIb30BaHUS OITMCAaHHBIX COOOpaXeHUIT IIOTpeOyeTCs IIpenBa-
PUTENBbHOE UX pa3ioXeHNe Ha Hepas3doXUMBbIe OJIOKU ¢ IIOCTPOSCHUEM Il KaXKI0ro U3 HUX (QYHKINU
YKa3aHHOI'O BbBIIIC BHAA U OTCICKMBAHUEM IIPCOAOJICHUA CIWMHUYHOTIO 3HAYCHHA NX MAaKCUMYMOM.
I1pu aTOM CHOBa OKa3bIBaeTCs YIOOHBIM OIIEpUPOBATh Ha Tpadax MaTpuIl, BEICTpanuBasi UKJIIBI, COOT-
BETCTBYIOIIHE HEPA3IOXKUMBIM OJI0oKaM. [ pyrmrpoBKa BepIliH rpada 1o KjiactepaM, BHYTPU KOTOPBIX
BO3MOXKHBI ITPOU3BOJIbHBIC MEPEXOAbl BOOJIb rpada U3 OJHOM BEPILIUHEI B APYTYIO, T.€. COOTBETCTBYIO-
IIMX 3TUM 0JIOKaM, IO3BOJISIET BBICTPOUTHh HA0OP LIEOYEK U3 3TUX KJIACTEPOB, 3BEHbSI B KaxKI0M 13 KO-

TOPBIX COOTBETCTBYIOT HAIMYMIO HEHYJIEBBIX 2JIEMEHTOB a;(A) C j-ii BepLIMHOIA, NpuHaiexameii 6;10-

KY, pacIIoJIOXKeHHOMY TIepel 0JI0KOM, COIepsKaIllnM i -10 BepIInHy. B cirydae, eciim Takast TpynImupoBKa
OKa3bIBaeTCSI BO3MOXHOM B MPaKTUIECKUX 3a1a4aX (3TO HE TEOPETUIECKUIA, a YMCTO TEXHUUSCKUIA BO-
MpoC), TO TIOTEPIO YCTONYMBOCTU HEPA3TOKUMBIX OJIOKOB CJIEAYET OTCAEKMBATh BIOJb 3TOM EMOUKH.
B cirydae, ecniu Takasl IoTepsl IIpU M3MEHEHWH MapaMeTpa IIpOon30IIlia BIiepBhIe I KAKOTO-TO U3 ee
IMPOMEXYTOUHBIX 3B€HbEB OMHOI M3 IEIOYeK, TO KOMITOHEHTHI BO3MYIIIEHUS, COOTBETCTBYIOIINE KITa-
cTepaM, ONpPeAeIsTIONIMM MPENIIeCTBYIONIEe TAKOMY 3BEHY 3BeHbsI, paBHO KaK W KJjlacTepam, IIpUHaI-
JIeXalluM JPYTryuM LieroykKaM, MOXHO He YYUTHIBATh, T.€. CYUUTATh COOTBETCTBYIOIIE UM BO3MYILIEHUS
HyJIeBBIMU. Tak, HallpuMep, B 3aaa9e O paclpoCTpaHEHUH STUAEMUN B ITOMYJISIIIAM, CTPpaTUOUITIPO-
BaHHOI 10 KaKUM-JI100 Mpu3HaKaM, C BO3MOXHBIMU OMTHOCTOPOHHUMU TepeaadyaMyu MH(MEKIIUU MEX-
Iy CTpaTaMu (B 3TOM CJTydae CTPaThl — 3TO BEPITUHEI rpada MaTpUIIEI, a HAIIpaBJIeHUS IIepeIadn — eTo
HaIlpaBJIeHHbIE 3BEHbsI) HATWUME TTAaHAEMHUM, COOTBETCTBYIOIIEE ITOTEpe YCTONIMBOCTH HYJIEBOTO (C
TOYKHU 3pEHUSI MPUCYTCTBUSI MH(DEKIIMU) MOJOXEHUSI paBHOBECUSI, MOXKET HaOII0aThCsI B CTpaTax, Co-
OTBETCTBYIOIINX XBOCTY IIETIOYKHM, COIepKallleil ouar, T.e. cTpare, BHyTpH KOTOPOU HaGIIOMaIOCh Iep-
BUYHOE BOSHMKHOBEHNE MTAHACMUM, M OTCYTCTBOBATh B CTPATax, COOTBETCTBYIOIINX KaK ee Hayaly, TaKk
1 B IpYTYX LeMoYyKax, He CoAepXKallluX 3TOTo oyara.

5. IPUMEHEHUE METOIOA COKPAIIIEHUA ITOPAIIKA
JJIA PASPEXKEHHDBIX MATPULL

B stom pasnene uccienytorcs Bonpochl 3¢hGEKTUBHOCTU aJITOPUTMOB BbIYMCIEHUS WHAUKATOPOB
YCTOMYMBOCTU HEOTpPULIATEIbHBIX MaTPULL, OCHOBAHHBIX HA METOJI€ TIOHWKEHUS TTOpsIAKa ISl pa3pe-
KeHHbIX MaTpull. [1pu 3TOM npenmnosnaraercs, 4To pacipenesieHue HEeHYJIeBbIX 2JIEMEHTOB ONpeaeseT-
Csl UCKJTIOUUTEJIbHO BEPOSITHOCTHIO OKa3aThCsl TAKOBBIM C TTOMPAaBKO Ha BO3MOXHOCTh CUMMETPUYHO-
CTHU CTPYKTYPHI pa3peXeHHOCTH MaTPULIbI (B 3TOM ClIydyae CBOMCTBA TMAarOHAIbHBIX 3JIEMEHTOB MOTYT B
pacyeT He MPUHUMATbCS). DTO O3HAYAET, B YACTHOCTM, UTO HUKaKas TMpeaBapuTeabHas o0paboTka,
CBsI3aHHAasl ¢ TIepeHyMepaleil B MICXOMHOM MaTpulie, He MPOU3BOJAUTCS, UTO MO3BOJISIET UCTIOIb30BaTh
BECbMa IPOCThIE aJITOPUTMBI IJTST BBIMUCIEHUS MHAUKATOPOB ycToitunBoctu CIT-MeTomoM. AnbTepHa-
TUBHBIE MMOIX0/Ibl, OCHOBAaHHBIE Ha YUeTe CTPYKTYpPhI I'paha MaTpUlIbl U AOIyCKaOII1e MpenBapuTeIb-
HYIO TIepeHYMepalliio, MOTYT HE TOJBKO CYIIIECTBEHHBIM 00pPa30M COKPaTUTh OObEM BbIUMCIEHUIA, HO
U B 3HAYUTEJILHON CTENEHU YIIPOCTUTh (DOPMYJIbI, BEIpaXKalollle 3aBUCUMOCTh MHANKATOPA YCTOUYN -
BOCTU HEOTPUIIATEIbHbBIX MAaTPULL, UMEIOIINX OAMHAKOBYIO CTPYKTYPY Pa3peKeHHOCTH, OT €€ 3JIeMEH-
TOB. {711 MaTpull ¢ CUMMETPUYHOMN CTPYKTYpO# pa3pekeHHOCTU psill BecbMa 3¢ (hEKTUBHBIX METOJ0B
MpeaBapUTEILHON MepeHyMepallii MOXHO HaiiTi B MOHoOTpaduu [ 16].

k k
W3 dopmyssi (1) BUsHO, YTO B Cliydae HyJI€BOTO 3HAYCHUSI VTSI OMHOTO M3 2JICMEHTOB a;;, W a;; Oy-

k-1 k Lo
AeTa; = a;,T.e.Ha(n—k +1)-M 11are aIeMEHT MAaTPULIbI, 3aHUMAIOILUH (7, j)-10 MO3ULIMIO, HE MEHSI-
ercs. DTo, B YACTHOCTU, OTHOCUTCS U K HYJIEBBIM 3JIEMEHTaM, UTO MO3BOJISIET MOACUUTATh U3MEHEHNUE

CTETICeHU pa3peXXEeHHOCTH MPU OYePETHON UTEepaLlui.
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3aMeTHM, 4TO OOITHOCTh COAEPKATEILHBIX PE3YIbTATOB IS MATPUIL, rpadbl KOTOPHIX UMEIOT OIM-
HaKOBYIO CTPYKTYpPY, T.€. UHBAPUAHTHOCTb OTUX PE3YJbTAaTOB I1IO OTHOIICHNWIO K IMEPCHYMEpallsgIM B
MaTpulle, BJIEUET, IT0 KpailHe Mepe ¢ TOUKU 3pEHUSI TCOPETUUECKNX KOHCTPYKIMIA, NCIIOIb30BaHUE
TOJIBKO TaKUX paclipelelIeHUii, KOTOPhIE COXPaHSIIOTC MPU 3TUX ITepeHyMepanusx. K unciy TakoBbIX
OTHOCSTCSI paBHOMEPHBIE pacIpeie/IcHUs 11 BHEIUArOHAIbHBIX SJIEMEHTOB MAaTPULIbI, a TAKXKe IIPO-
CTO paBHOMEpPHEIE, WJIM, HAIIpUMEpP, B Ka4eCcTBe HanboJiee IIPUBJICKATEIbHOTO C TOYKU 3pESHUS IIPUJIO-
XKEHUM ciiydasi, UMEIoIIne CUMMETPUUHYIO CTPYKTYPY pa3peXeHHOCTH, T.e. MapHble (MU, IPYTUMU
cJIoBaMM, BKJIIOUAIOIIIMMU OOpaTHBIE CBSI3U) BXOXIACHMUSI.

PaccmoTpum ciydait MaTpuibl 4, ¢ paBHOMEPHOI paclpeneIeHHOCThIO €€ HEHYJIEBbIX 2JIEMEHTOB.
S

[lycTh S, — YKCII0 TAKOBBIX, TAK UTO p, = —’; < 1 — moJIst HEHYJIEBBIX, KOTOPYIO MBI OyIieM TaKsKe Ha3bl-
k

BaTb 3aN0/1HEHHOCMb0 MaTPULIbI Ak . le/l 9TOM MOXHO paccMaTpuBaTh p, KaK BEPOATHOCTb TOIO, 4YTO

. .. k
IS HaTlepesl IPOU3BOJIbHBIM 00pa3oM BhIOpaHHOM nosuumu (7, j) Oyner a; > 0. B aTom ciyyae

Si1 =S, — p(2k = 1) + (pk —=1))’(1- py). 4)
31ech BTOPOiil YjieH B IIPaBOil YaCTU COOTBETCTBYET YKCITY YOMpPAaeMbIX HEHYJIEBBIX 2JIEMEHTOB IIPU TIe-
pexoe OT MaTpULlbl A, K MaTpulle A, , 3a CUeT OKaliMJICHUS B HOCIEIHUX CTPOKE U cToOLe. JleficTBu-
TEJILHO, OOIIee YMCIIO JIEMEHTOB B 9TOM OKaMJIEHUM paBHO 2k — 1, a moJisi HEHYJIEBBIX I10JIy4aeTcs
YMHOXEHHEM 3TOT0 YMCJIa Ha BEPOSTHOCTD p, . TpeTuii uieH B (4) onpenessieT KoJaMyecTBO 100aBsie-
MBIX HEHYJIEBBIX 3JIEMEHTOB MPU YKa3aHHOM nepexone. COMHOXUTENDb p, (kK —1) — 3TO YUCIO HEHYIIE-

BBIX BHEIMArOHAJIBHBIX JIEMEHTOB MTOCJIEAHEN CTPOKM MAaTPULIEI A, , T.€. a,’;. >0 ¢ j < k.Droit ke Be-
JIMYMHE PAaBHO U YMCJIO HEHYJIEBBIX BHEAUATOHAJIBHBIX JIEMEHTOB MOCIEIHETO CTONOAa MAaTPULLBI A, ,
T.€. a,.'j{ >0 ci<k.MHoxurenb 1 — p, XapakKTepu3yeT BEPOSITHOCTb TOrO, YTO KOHCTPYUPYEMBII IO
¢dopmye (1) HeHyIeBOI 2JIEMEHT A€ CTBUTEIBHO OYAET HOBBIM, T.€. YTO Ha 3TOM XK€ MECTe B MaTpUlIe
A, CTOSLII HYJIEBOM 2JIEMEHT.

Cobupas Bce BeIpakeHUs B (4), HaXOOIUM

Pt = F(py) (5)

2
S(p=p+p(A-p). (6)
CootHotreHue (5) ¢ mpaBoif yacThio (6) He U3BMEHUTCS, €CJIU MPEINolaraTh BMECTO paBHOMEPHOM

pacnpeaeIeHHOCTA HEHYJIEBBIX 3JIeMEHTOB TAKOBYIO JIUIIb CpeIV BHEAWATOHAIBHBIX KaK MPU OTCYT-
CTBUM, TaK U PU HAJIIMYUU AOIIOJHUTEIBHOTO YCJIOBUSI CUMMETPUYHOCTHU CTPYKTYPhI pa3peskeHHOCTU

Matpuubl 4, . HeTpynHo npoBeputs, 4To nepexon 4, — A,_; B COOTBETCTBUM ¢ (1) cCOXpaHSIET BBINOJI-
HUMOCTbh 3TOTO JOTOJIHUTENBHOTO yCJIOoBUs. He3aBUCMMO OT CUMMETPUYHOCTH CTPYKTYPBhI pa3pekeH-

HOCTU MaTpUILbI Ak B Cl1yda€ paBHOMEPHOTIO paCpeacI€HA €€ BHEANMAIrOHAJIbHBIX HCHYJICBBIX 9JICMCH -
M
K-k

_ 2
Sy =8 —2(k = Dp + pi(k —1)(k =2)(1 - py). (7)
HMHuTeprnipetanus cnaraeMbix B (7) Takasi e, Kak U B (4) ¢ TOIi OTOBOPKOii, 4YTO 100aBJIsieMblii HEHYJIEBOI

SJIEMCHT SBJISICTCS BHCAMAIOHAJIbHBIM, TaK 4YTO €CJIN p, (k - 1) — YHMCJIO HEHYJICBBIX BHEANAroHaJIbHbIX

3JIEMEHTOB MOCJIEIHEN CTPOKM MaTpUIIbl Ak , TO IJIA €€ IOCJIICAHETO CTOJI01Ia YUCIIO HCHYJICBBIX BHECAMA-
TOHaJIbHBIX 3JICMECHTOB TaKMX, YTO ,Z[O6aBJIH€MBIﬁ HCHy.J'ICBOfI QJIEMCHT TaKXE HE 6y,Z[CT JaroHaJbHbIM,

paBHoO yxe p, (k — 2). [IpoBenst HeoGxonumble COKpaleHus B (7), Mbl CHOBA ITOJIy4aeM COOTHOLLEHUE (5).

TOB, €CJIN Sk — YMCJIO TAKOBBIX, a p, = — UX OOJIA, TO

®Oyukuus (6) MOoHOTOHHA Ha oTpeske [0,1], ToXIeCTBEHHA Ha ero KOHIIAX, TaK YTO COXpaHsIeT NHBa-
PUAHTHBIMM 3TOT OTPE30K W €ro BHYTpeHHIOW YacTh (0,1), Ha KOTOPOl OHA CTPOTro OOIbIIE TOXIE-
CTBEHHOIA.

Hrepaumonnas npouenypa (5) c 0 < p, <1 gaet, Kak HETPYIHO NPOBEPUTh, MOHOTOHHYIO MOCJIEI0-
BaTCJIbHOCTD

0<p, <py<...<p,, <...<L (®)
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HDCI[CTHBJIHCT HMHTEpEC OLI€HKA BPEMEHU 3aIllOJIHEHMS f, OTIPEACIIIEMOIro KaK Y1cCJio HTCpaHHfI, HE00-
XOIUMBIX JUISI BBIXOAA 3TOM IOCJIEA0OBATEIbHOCTA HA 3HAYEHUS nopsdaaka €AIMHUIIbI B 3aBUCUMOCTHU OT

HayaJbHOrO p, K 1.
Pazgenus (5) Ha p, p,_; > 0, nomydum c yaetom (8)

P = ol = pepe (- p) < 1. )

151 1106010 11€JI0r0 HEOTPUILIATEILHOIO ¢ < 1 — 1 cyMMUpoBaHUE HepaBeHCTB (9) Mo k otn—t+1 10 n
JaeT HEpaBEHCTBO

Py =Pl <t (10)

-1
(paBeHCTBO MMeeT MecTo B cinydae ¢ = (), Tak uto miist 0 < 7 < p, MOJIy4YuMm

puy S (11)
1-p,t

CTb TCIIEPb I = n — K, TAC — HOopAOOK MaTpUlLlbl . €pPaBE€HCTBO 00€CIIEYNBACT B 3TOM
n t k, e k A H 10) 06
CJIyda€ HM2KHIOIO OLCHKY IJId 4Yucjia I/ITepaHI/Iﬁ t, HeO6XO,Z[I/IMI)IX IJIsT JIOCTUXKEHUS 3alIOJTHEHHOCTBIO

Pv = D, MATPUIIBI A, HEKOTOPOTO 3Ha4YeHus1 O € (p,,1). [leiictBurensHo, us (10) ciemyer, 4To B ciry4ae

£ < p;I — &' GyzmeT BBIMONHEHO HEPABEHCTBO Puy <8

HepasencTBo (11) 3amaeT BepxXHIOIO OIIEHKY 3alIOJITHEHHOCTH p, B 3aBUCUMOCTHU OT YMCJIa UTePAIUiA
B 1lenouke (2), paBHoOro 7. B cuity (8) 3To HepaBEeHCTBO aKTyaJbHO JUIIb B Cliydae, KOTAa ero mpasas

YacTh MEHBIIIE EAUHULIBL, T.€. TIPU < p*1 —lcp=p,lIpuk < k+lck=n- pi1 BCE MaTpullbl 4, B
1ierouke (2) y>xe Heb3sl paccMaTpuBaTh KaK pa3pekeHHbIE.

Yucio apudmeTndecKux onepanmnii, HeoOOXOOAUMBIX B 00I1IeM, T.€. Hepa3peXXKeHHOM, cJIydae JIJIsI BbI-

YUCJICHUSI MHAMKATOPAa YCTOMUYUBOCTU Mo popmynam (1), oLileHuBaeTcs AJIsl MaTpULbl A, CBEPXY BEIU-
o 73 2 o o o

yuHOi k™ + C (k + 1) C HEKOTOPOI mocTossHHOM C mopsiaka eauHUIbL. JIefACTBUTEIbLHO, YUCIIO Onepa-

LIMI B OTMHOYHOM (T.€. IpU (PUKCUPOBAHHBIX i U j) TpUuMeHeHUr PopMyibl (1) paBHO YEThIpEM, BKITIO-
yas BbIYMCJIEHWE 3HaMEeHaTelsl, KOTOPhIi SIBJIseTcsd OOILIMM sl Bcex map (i, j), YTO MO3BOJSET MpU
OLIEHKAaX YYUTBIBATh TOJILKO TPU OIlepaLiiy U3 YeThipeX. OOIIee 3Ke YMCI0 TAKUX IIPUMEHEHU C yIETOM
MOCJIENOBATEIbHOTO COKPAIICHUS IMTOPSIAKA IIEpeCYNTHIBaeMbIX MAaTPUIL PABHO CYMME KBaJApaToOB YU CE

or 1 no k-1, Te. %k3 — %kz + ék. B yactHOCTH, YncI0 apudMeTHUYeCKUX orepaluii, HeOOXOTUMBbIX

IJId BBIYMCIICHUA MHAWKaTOopa YCTOI‘;I‘{PIBOCTI/I Ha oTaIi€ 3arioJIHEHHOCTH, T.C. IIpU k < k, OLCHUMBACTCA

CBEpXY BEJIMYMHON X, = K+ C(l€2 + 1).

OueHUM Terepb YUCI0 apruMETUIECKUX Oonepallnii, HEOOXOIUMBIX I JOCTUXKEHUS 3aTTOJTHEHHO-

CTH, T.€. IJIsI MPOXOXIEHUSI Ha4aJlbHOTO y4YacTKa Liernouyku (2) mpu k = n,...,[k]+1 (a1 r € R nox [7]
MMOHUMAETCS 1iejiast YacTh YMca ). J1Jist airopuTMOB, OCHOBAaHHBIX Ha OITMCAHHOM B HACTOSIIIICH paboTe
cxeMe, aJalTUPOBAHHBIX IJIS pa3peXXeHHbBIX MATPUIL, T.€. UMEIOIIUX JIeJIO TOJIBKO C HEHYJIEBBIMU BJIe-

2 .
MEHTaMHU, nepexon 4, — A,_, Tpedyet npumepHo C(p, k)~ onepauuii, rae C = 3 (Ipu NEPEMHOXEHUMN
3JIEMEHTOB KpallHUX CTOJIOIA U CTPOKM PAcCMaTPUBAIOTCS TOJLKO HEHYJIEBbIE, BCE OCTAILHOE KaK U
Boiiie). B cuity (11) ¢ ¢t = n — k obliliee YnCIO TaKUX OMEpalrii OLIEHUBAETCS CBEPXY BeaInduHoi CX, ¢
A 2 - .
2, =R+X,R= ([k] + 1) (9TO — YKMCIIO 37IEMEHTOB MaTPULIbI A[ £1+1> 3AMBIKAIOIIEH HAYaIbHBIN y4aCTOK
LEMOYKM (2); ISl Hee IPUMEHSIETCs OlieHKa P S DHu

s n k2p2
P EEE—
k=[k]+2 (1 - p(n— k))
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» —1
B cayyae k = n— p > 0 BeIpaxeHHe MOA 3HAKOM CYMMBI B X SIBJISIETCSI CTPOTO MOHOTOHHO YOBIBalO-
IIMM IIO Kk , YTO IO3BOJISIET OLIEHUTD €€ CBEPXy MHTEIrpaioM

1(k) =

b

Kprldk lj-” (k+2) dz
k+1 (1 - pn-— k))2 1 zz

me z=k—k. IMpu dukcupoBanHoM 0 < p <1 nonyyaem [(lg) = (122 - p_l)(l -p)+ 2k In p_l <
<k’+2klInn U C y4yeToM R olieHKy X, < 2(/22 +klnn+ 12) + 1, Tak uyTO npn/€ > 1 HaxoouMm C%, < %;.

3aMeTuM, 4YTO OOJIBIINM TTapaMeTPOM, IO KOTOPOMY CTPOSITCS PUBEISHHBIC BhIIIIE OLIECHKA HE00-
XOAMMOTO0 YMcia onepauuii, GUrypupyrommnm Kak B X,, Tak U B X,, SIBJISIETCS HE MOPSI0K # MaTPULIBI
A,, He nonst p = p, ee (BHEOWAroHaJIbHbBIX) HEHYJIEBBIX 3JEMEHTOB, a TMOPSIOK €€ 3aroJHEHUS

no

KA)=1[k]=[n-p, , XapaKTepU3YIOII MOPSOOK 3aIllOJJHEHHOI MaTpUILbl A;, MOJy4aeMOu B pe-
n n k

synbTaTe npuMmeHeHns CII-metona.

B ciiyuae K(A,) ~ 1 BIU10Tb 10 3HAYEHUIA kK MOPSIAKA €AMHUILIBI 3aII0JHEHUE OYAET OTCYTCTBOBATh,
TaK 4YTO IPUBEICHHBIE BHIIIE BEepXHUE KyOMYeCKHe OLEHKM HEOOXOOMMOIO YhCiaa apuPpMeTUISeCKUX
onepauuii cjaeayeT 3aMEHUTh He MPEBhIIIAIOIIMY KBaApaTUIHBIX I10 .

HanomuumM (cM. [13]), uTo TipoBepsieMble Ha MOJOXUTEILHOCTD B Mpoliecce mpumeHeHus: CIT-me-
tona (1) BeIpaxkeHUs (1 — aj’.j) C TOYHOCTBIO JO OOpaTHOU HyMepallMu COBIAIAIOT C AMArOHAIbHBIMU

snemeHTamu LU-pasnoxenus Matpuusl [ — A,. JIisi cpaBHEHUS BBIYUCIUTENbHOU 2 GHEKTUBHOCTU
CII-meToma o cpaBHEHMIO C METOIOM UCKITIOUeHMsT [aycca, UCTIONb3yeMbIM IpU mocTpoeHnu LU-pas-
JIoxXeHuit (cM., HampuMep, [15], m1. 1.7), 3ameTuM cienymoliee.

1. Hukaxoii npoBepKU anpuOpHO HEBBIPOXAEHHOCTU MaTpullbl [ — A, ns npumeHerust CI1-me-
Toma He TpeoyeTcs].

2. Meton uckiwoyeHus ['aycca 3agaeT mouTu 3KCIMOHEHIIMAIbHbBIM POCT 3aMIOJTHEHHOCTHU p C (PYHK-

o o ' 2

Lyei pocTta, MpUMeHsIEMOI Ha KaXIoM Iare Metona p' = f(p) = 2p — p°, Tak 4T0 i & < 1 COOTBET-

CTBYIOLLIEE BPEMSI 3AIIOJIHEHUS], IIPU KOTOPOM UTEPUPYEMasi INIOTHOCTD p C HAYAJIbHBIM 3HAYEHUEM P, ;,

-1 o o

OyzeT ZOCTUTaTh BeJIMIMHBI O > 0, GJIM3KO K 3HaYeHUIo log, d + log, p,;,. ComocTaBiieHre TMHEHHOM

—1 o o
OLIEHKH C POCTOM p, Tipu ucnoiab3osaHuu CII-meTona c jorapudmuyeckoii oueHKoi B merone [aycca

IPU Py = P, CBUIAETENBLCTBYET O 6osbLueii apdpexTruBHOCTH CII-MeTONA IPU UCCIEA0OBAHMUU paccMar-
pUBacMBbIX B HaCTOﬂLLleﬁ CTaTheC 3aaa4 OJisd pa3peXKCHHBIX MaTpHUII.

o 3 I
3. [l yxe 3anonHeHHON Matpuibl A; MeTon l'aycca TpeOyeT mpuMeHEeHUst zgk onepanuit (cMm.,
Hanpumep, [15], 1. 1.7), uto tuib Ha TpeTh 6osee 3(hHEKTUBHO, YeM B ciiydae uctojibzoBanust CI1-me-

r3
ToJa (OlLIEHKA kK~ , CM. BBIIIIE).

6. HEKOTOPBIE I[TPUMEPDBI U TTPUJITOKEHUA

Bo Bcex pa3bupaeMbIX HIKE TIpEMEpax pacCMaTpUBaeTCs TOJIBKO HETPUBUAIBHBIN ClTydail ¢ quaro-

HaJIbHBIMU 3JIEMEHTAMU MaTpullbl A = A,, MEHBIIMMU eqguHULLL: a; < 1,i =1,...,n. [Ipn aTOM S, 3a-
JIaeT YUCJIO HEHYJIEBBIX BHEIUArOHAIbHBIX €€ 2JIEMEHTOB.

1. PaccmoTpum cityyaii Matpuiiel 4 = A4, B BapuaHTe€ paBHOMEPHOTO paclipeiesIeHUs] €€ BHEANAro-
HaJIbHBIX HEHYJIEBBIX 3JIeMEHTOB ¢ 1 < .S, < n(1+¢€), tne € > 0. Kinacc Takux Matpull 4, xapakrepusy-
€TCSI TEM, YTO CpEIHEee YKCIIO 3BEHbEB, BXOMAIINX (PaBHO KaK UM BHIXOASIINX) B KaXIYI0 U3 71 BEPIINH
rpadaI'(A4,), He MeHblle 1 1 He OoJbLe (1 + €). DTOT KJIacC BKIIIOYAET B c€0sl HEPA3JIOKUMBbIE MATPULIBL,
rpad KOoTopbIX UMeeT 00iee OTHOIO MHOTO3BEHHOTIO IMKJa. M3 mocienHero HepaBeHCTBA B LIETIOUYKE

Lol cpo S lbe
n n-1 n-n n-—1
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noxy4daeM B ciayvyae 0 < € <1 HepaBeHCTBO p,:l > (n—1)(1—¢). CornacHo NpuBEIECHHBIM OLIEHKaM K

o -1
MOMEHTY 3allOJIHEHUSI MAaTPULIbl €€ MOPANOK cokpatutcd a0 K(A4,) = [n - D, ] +1<¢emn+1). Takum
00pa3oM, pealibHOE BPEMSI, HEOOXOAUMOE B 3TOM CJIy4ae IS BBIYMCICHUS UHAUKATOPA YCTOMYUBOCTH,

OyJeT OLIEHUBAThCS CBEPXY BEIUUYMHOM (e:n)3 +C ((en)2 +enlnn+ 1) C HEKOTOPOU MOCTOSTHHOM C 1o-
psiiKa eMUHUILIBI.

2. Bcnydae S, < n Matpula A SIBISIETCS PA3JIOXUMOIA, YTO O3BOJISIET CBECTU 3a1a4y O JIOKAJIU3aluu
€€ CIIEKTpaJIbHOIo pagnyca K Habopy TaKMX Ke 3aaay IS MaTpUI] MeHbIIero nopsaka. OaqHako B paM-
KaX IpeIIoKeHHOI B HACTOsIIei paboTe METOAUKHY ITOCTPOSHUS MHINKATOPOB YCTOMYMBOCTHA HEOOXO-
JIMMOCTD B TAKOM IEKOMITO3UIIUY OTCYTCTBYET. TeM HEe MeHee ee MPOoBeIeHMEe Ha JTalle IIpeaBapuTeIb-
HOI 00pabOTKU UCXOOHOM MHMOopManu, 6a3upyrolleecs Ha UCIOIb30BAHNU CTAHIAPTHBIX aJITOPUT-
MOB IIepeHyMepauuu (CM., HaIIpuMep, B Cllydae MaTPHIl C CHMMETPUYHOI CTPYKTYPOI pa3peskeHHOCTH
[16]), He NcKITIOYaeT BO3MOXKHOCTHU IOIYYEHUS 60Jiee 3P PEKTUBHBIX PE3YIBTATOB KaK C BEIYUCIUTEb-
HOI, TaK 1 ajireopandeckoii ( B CMBIC/IE TPOMO3IKOCTU (DOPMYII, BhIpaxKaloIINX MHAUKATOP Yepe3 He-
HYyJIEBBIEC 3JIEMEHTBI MATPUIIBI C 3aIaHHOI CTPYKTYPOI pa3peskeHHOCTH ) TOYEK 3PEHUS.

3. B ciydae S, = n HepasjoxuMas MaTpuua A o6s13aHa IPeACTaBIATh COO0 CyMMy LIMKIJIMYECKON
Y JUaroHaJbHOII MaTpHUII, TaK UTO €€ rpad ComepXUT eAMHCTBEHHBIN UK C, IIPOXOISIIUil OMHOKpPAT-

HO Yepe3 BCe er0 BEepPIIVHBI, TOMMOJTHEHHBIN OMHO3BeHHBIMU 1ukiamu C;, i = 1,...,n, COOTBETCTBYIO-
UMW JUArOHAlIbHBIM 3jieMeHTaM Matpulibl. [lociie TmepeHyMepaly, COOTBETCTBYIOLICH ITOPSAKY
poxoxaeHus LukiaoM C BepllnH rpada MaTpUIlbl, B KAYEeCTBE €€ MHANKATOPA YCTOMUYMBOCTH MOXHO

WCIIOJIb30BaTh POU3BEIEHNE €€ HEHYJIEBbIX BHEAUATOHAIBHBIX 3IEMEHTOB 4, ; 1, | = 1,...,n, ay = @,,, C
MOINPaBKOi Ha HEHYJIEBblE IMArOHAJIbHbBIE SJIEMEHTHI a;;:

n

HM’ Qo = iy (12)

i=1 1 —ay
Bripaxenue (12) cienyet us (1) mpuMeHeHUEM UHAYKIIWY 1O .

®opmyiny (12) MOXHO TpaKTOBATh €IIle U CeaylommuM oopa3oM. PazButue mpoiiecca, 3a1aBaeMoro
cucremoit (3) ¢ MaTpuLEeil A, onpenessieTcst IPOU3BeeHUEM KO3 MUIIMEHTOB TIEpeIaym a;; ; MO Kax-
JIOMY U3 3BeHbeB 1I1KJa C, yMHOXEHHOMY Ha KO3(M(UIIMEHTH BHYTPEHHETO Pa3BUTUS TSI KaXKI0M U3
BepILIMH 1 — a;. Kaxaplil U3 mocnenHux npeacrasisieT co00i CyMMy BCEBO3MOXHBIX UTEpALIUIA TTPU TTO-

BTOPHBIX BHYTPEHHUX Iepenayax Ha uukJiax C;:

L - ; (aii)l'

1—a,

BripaxkeHnue (12) MOXHO MCIIOJIb30BaTh B KAYE€CTBE MHAMKATOPA TAKXKE U B ClTydae MMPOU3BOJBHOTO
S, , ecny rpad MaTpuLbl A UMeEeT ENMHCTBEHHBIN HeOMHO3BeHHBIN LMK C. [1pu 3TOM nopsnok MaTpu-
1IbI MOKHO COKPAaTUTh 10 pa3Mepa 3TOro 11MKJIa, OCTaBUB B KauecTBe ee rpada Tonbko uukia C, 10ToJ-
HEHHbIJ OOHO3BEHHBIMM LMKJIaMu C; Ha BEPIIMHAX, BXOAAWMX B LMK C. Bce Tynukosble, T.€. HE na-
IOLIME IIMKJIOB OTBETBJIEHUSI, UTHOPUPYIOTCSI, TaK UTO COOTBETCTBYIOIIAsA UM MHGOpMaIIrs 1151 TOCTPO-
€HMsI UHAMKATopa MHTepeca He MPeaCTaBIIsIeT.

4. B TepMuHax npoliecca pacipoCTpaHEHUS 3MUIEMAU CUMMETPUYHOCTD CTPYKTYPbI pa3peKeHHO-
CTU SIBJISIETCSI BIIOJTHE €CTECTBEHHBIM TpPeOOBaHUEM, TOCKOJBKY, €CIU IBa MECTOOOUTAHUS CBSI3aHbBI
MexJty co0oii, To nepenava MHOEKIUY sABJIsieTcs 0000nHOI. KoadduiineHTsl nepenaiu a;, hurypu-
pyloliiue B MaTpulie A, MOTYT MHTEPIIPETUPOBATHCS KaK BEPOSITHOCTU Tiepeaauynd MH(PEeKIIMOHHOTO 3a-
O0oseBaHuUs B T1ape (j,7) 3a OMH BpEMEHHOU nepuo (HarpuMep, 3a rofl) Ipu ycJIOBUM OTCYTCTBUS IPY-
TUX IyTei nepenaydu, BKodas MyTu BHYTPU OTIEIbHBIX MECTOOOUTAHUM (T.€. OOHYJIEHHMS BCEX 3JIEMEH-
TOB Marpulbl A, Kpome paccMmaTpuBaemMoro). Paznuuue KkoahbhUIIMEHTOB Tiepenayd Ha
pPACMONIOXKEHHBIX CUMMETPUYHO MECTaxX O3HavyaeT pasinuue BIUSHUN COOTBETCTBYIOIINX MECTOOOUTA-
HUM Apyr Ha npyra. ComepXaTeabHO 3TO MOXET ObITh CBSI3aHO C pa3iMuKMeM B IUIOTHOCTU HaceJIeHUs,
YPOBHSI MEAUIIMHCKOTO OOCTY>KMBaHUSI, TIPUPOIHBIX YCTIOBUI U T.T1. Pa3bueHune Ha KjacTepbl 03HaYaeT
M3OJISILUIO UX APYT OT Apyra, obecrnevynBaeMylo Kak eCTeCTBEHHbIMU, TaK U UICKYCTBEHHBIMU (pakTopa-
MU. TaKOBBIMU MOTYT CIY>KUTh 3alPET Ha MepeceyeHne rpaHuil, KapaHTUH, CAMOU3O0JISIIIUS.
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5. HuclieHHBIE UCCIIeTOBAHUS TPOBOAVIJINCH [IJIsSI pa3peKeHHBIX MATPUII KaK B CIy4yae pAaBHOMEPHOTO
pacripeaci€Hnsa NX HCHYJICBbIX OJIEMEHTOB CP€AM BHEAMAroHaJIbHbIX, TaK 1 B CJIy4yac BO3MOXKHOM CUM-
METPUYHOCTH X CTPYKTYPHI pa3pexkeHHOCTU. [IporpaMMbl, OpMeHTUPOBAaHHbBIE HAa pa3peXeHHbIe MaT-
pHIIBI, OBUIM HAaTMCAaHHBI IJIsI makeTa Maple 7, ¥ BKIIIo4ajau B ce0s1 BO3MOXHOCTh ITOCTPOSHMS CITydaii-
HBIX MaTpUIl IJ1s1 000MX 0003HAYECHHBIX BHILIE cliydaeB. OHM oKa3aInmch BeCbMa 3(P(PeKTUBHBIMU C TOY -
KU 3peHUST HE3HAYUTENIbHOCTU PECYPCOB, BOCTPEOOBAHHBIX IIJISI UX BBINOJIHEHUs. Tak, HampuMmep, B

cygae n = 10" pacyeTsl MHIMKATOPA [Tl HEKOTOPBIX U3 MATPULL, OITMCAHHBIX B IPUMepe 1, 3aHrMan
Ha OOBIYHOM TIepCOHAILHOM KOMITBIOTEPE BCErO0 HECKOJIIbKO MUHYT. PazyMeeTcst, HUKaKoii TIpeaBapu-
TeJIbHOM 00paGoTKKM MHMOPMALIMK IIPU 3TOM He MMPOBOIUIOCH, TaK UTO MOJIydacMble Ha 3TOM ITyTHU pe-
3yJIbTAThl MOXKHO PacCMaTPUBATh TOJBKO C TOYKU 3PEHUS BO3MOXHOCTH HAXOXIACHUS MPeaBapUTEIIb-
HBIX OLICHOK B LIEJISIX BBISICHEHUSI HEOOXOAUMOCTH MPOBeAeHUSsT Oosiee YriyOJIeHHOTO JIeTaJbHOIO HC-
cienoBaHUs (DAaKTOPOB BOBHUKHOBEHUS, PA3BUTUS I pACIPOCTPAHEHUS M3yYaeMbIX SIBICHUI, TaKUX,
Kak MaHIeMUsI.

ABTOD BBIpaxaeT INIyOOKYIO 0J1aroJapHOCTh PELICH3EHTY, Psif IOJIE3HBIX 3aMeYaHM1i, peKOMeHIaL Ui
U COOOpakeHNIT KOTOPOTo OB YUTEH MPH paboTe Hal HACTOSIIEH CTaThEe.
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